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1.0 RESEARCH OBJECTIVES

1.1 A Fast PN Acquisition Scheme

In this project we studied acquisition techniques for
DS spread spectrum signals. The technique utilized two thres-
holds rather than a single threshold. As a result, the time
to acquire was reduced by an order of magnitude as compared to
the techniques proposed by other igvestigators who use single
threshold techniques. The procedure can be employed with most
acquisition techniques merely by replacing the single threshold

with the two threshold csystem.

1.2 Tracking of Frequency Hopped Spread Spectrum Signals

in Adverse Environments

The objective of this research is to design tracking
strategies in adverse environments such as fading and jamming.
This led to optimization of tracking in the sense of maximizing

the mean time to loss of lock.

1.3 Comparison of Schemes for Coarse Acquisition of FH

Spread Spectrum Signals

The objective of this research was to compare three of
the more popular acquisition techniques on the basis of prob-

ability of miss, time to acquire and complexity.

1.4 Two-Dimentional Optical Filtering of 1-D Signals

The object of this study was to implement a generalized

space~spatial frequency filter and study its operation.
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1.5 Coherent Optical Production of the Hough Transform

The objective of this research was to study the operation
of the forward Radon transform (FRT) and compare it to the stan-

dard Fourier transform.

1.6 Estimation of two Closely Spaced Frequencies

The objective of this research was to use linear program-

ming techniques to improve the resolution of a spectrum analyzer.

1.7 Restoration of Discrete Fourier Spectra

The objective of this study is to examine the use of linear
programming for superresolution. A technique is presented which"

greatly enhances the resolution of a spectrum analyzer.

1.8 Study of Random Access Scheme for Multi-Beam Satellite

The objective of this study is to examine the study of a

reservation access scheme for local area networks. We also

examine the study of an algorithm for scene matching, using the
sum of the absolute values of the differences of image intensity

between the template and the scene as the measure of similarity.
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A FAST PN ACQUISITION SCHEME

Sorin Davidovici Laurence B, Milstein

Donald L. Schilling

TRW Department of Elec. Eng. & Computer Science Dept. of Elec. Eng.

San Diego, California

ABSTRACT

This paper describes a new technique to achieve
rapid acquisition in a direct sequence spread
spectrum communication system. It is based in
part on an upper bound for the partial correlation
function of a PN sequence, and hence it is &
fairly general procedure, applicable to a wide
variety of systems.

INTRODUCTION

The problem of ascquisition of a spread spectrum
signal consistas of correctly estimating the phase
of & received PN sequence of arbitrary length
L = 2% - 1, where N refers to the number of delay
stages in the generating shift register or, equiv-
alently, to the degree of the generating polynom-
1al which describes the feedback connections.
The acquisition process consists of repeatedly
cooparing the received PN sequence g(t - §T.),
with a8 local generated PN sequence, gt - 1T.),
until the phasca iT. and JT. are found to be cqual
At that point the locally generated PN sequence
{s said to be synchronized to the received PN
sequence and the acquisition process is ended.
Throughout this paper, the carrier phase and chip
timing are assumed to be {n perfect synchronism.
The in-phase/not in-phase decision is based on a
partial correlation process. As is well known,
the partial correlatfon function of a PN sequence
is not nearly as well behaved as the autocorrela-
tion function, it being a function of the parti-
cular starting phases { and j, the specific feed-
back connections, and the length of the correlation
YTC. wvhere Yy equals the number of chips (an
integer) and T, equals the chip duration. To
circumvent all of these difficulties, var{ous
bounds have been found ([l]-[)]) to the partial
autocorrelation function, and an approximation to
one of these bounde is used in the analysis
presented in the next section.

ANALYS1S

Reference [2) describes a recursive method for
generating a non-linear sequence which serves as
sn upper bound to the partial autocorrelation
function of a PN sequence (via the shift-and-add
property). This bound, unfortunately, is defined
vis & recursive algoritha as opposed to an analyt-
ical form. 1t can be shown that a good approxi-
mat{ion to this bound 1s given by Y(1 - y/L), and
in vhat follows, we will use this approximation in
order to obtain a simple analytical result. Using
the approximate bound, it follows that for L ¢ §,

University of California, San Diego
La Jolla, Californis

City College of New York
New York, New York

"Yrc
‘ g(t - ch)g(t- 1T ) de rcy{‘x - %) . (1)

The output of the correlator in Fig. 1 1is
YT

-

(]

c

(/e g(t - j‘l‘c)

+n (t)] g(t - 1Tc)dt . (2)

which consists of a signal term S (vt ) and a
noise term n_(yT ) . The noise term Can easily

be shown to be Gaussian with zero mean and
variance og(yTC) -2 YT, where § 1s the two-sided
power apectral density of the input nolse. The
signal term, So(ch) 1s glven by

YT
so(yrc) =J' ‘ fz‘ﬁg(: - jrc) 8 (: - ﬂ‘c)dt
[o]

-/ZPsyrc 1f 1= 4§

e

mt”c("xl) 16149

The synchronism/no synchronism decision is seen
only to involve the choice of which signal term,
S (YT ), is present at the correlator's output.
Due to the presence of noise, this decision can
only be made with a specified accuracy. If as
shown in Fig. 2, we wait for a time T = YlT before
making a decision, then we can define two voltage
regions such that if the correlator's output falls
in region I, we decide synchronism is attained,
and i{f we fall in region 11, we decide the two PN
sequences are not eynchronized. The probabflity
of an erroneous decision, given we are not looking
at the correct phase position, is equal to

Pe - P[VO(VITC) > VT]
R UOANERN!

where 9 is shown in Fig. 2 and VT' the threshold,
is given below [see(7)].

%)
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Note that both in Fig. 2 and from Eq. (4), for
simplicity the decision boundary has been located
halfway between the two signals. Therefore,

Y
<L [ W (__l)]
€ "2 [KZP’lec - ZPsYch -1
(s)
1 2
i ZP‘YITC .
The probability of error of Eq. (4) then becomes

?, = P[n (v,T.) >3 v ]
(6)
Es
ol 1/ L
2 erfc L 7
vhere E - YIE R Ec is the energy per chip and
and equais P T e and

x 2
A -
erfc(x) = 2 eV dy .
L n -t

Finally, VT(Ych) is given by

VT(Ych) i /53;*17c -6

RCRRAUERS! )
In what follows, we will show how the acquisition

process can be improved by shortening the acqui-
sition time.

The Iecisfon Process Prior to Y1 - Yl .

At times it may not be necessary to wait the
fuil v, chips to make a decisfon. The only re-
quirement is that at any time a decision f{s made,
the probability of error, P,, be kept constant.
If any attempt at making a decision after, say,

chips is made, then the threshold voltage must
b& set such that

€
t 2
P -P[n (v,T.) >¢]-—ert’c[——————]
e o\'2 ¢ 2 2
/730(121c)
(8)

Note that Eq. (8) ia identical to Eq. (4) withthe
exception of the percinent parameters (1.e. the
deciston mechanism {s fdentical). But {f the

probability of error, Pe' 1s to be kept constant,
thean

P -P
e|lt t - Ych elat t= YZTc

or (9)

€ €
1 1 1 2
? erfe [——-——-—-—]' 2 erfc[—~—~——] .
/Zoo‘ylrc, /Zoo‘yzrc’

. ﬂ . .

5)

This implies that the two arguments of the erfc
function must be equal. Hence

€ €
1 2

20o YZTc » (YZTC)

:y
2°¢ 2
€5 T, /"—ch (10)

Eq. (10) defines the parameter €, such that at any
time T = Y.T_ a decision can be attempted, Fig. 2
shows qualitatively the decision regions at any
given 72 < yl .

or

1f at time T = Y T, the correlator's output volt-
age equals V , the "following decisions can be made
with a given probability of error Pe:

1) Synchronization has been attained (1 = j) {
YZ)
-y - =L €
vo > V’ 2P072Tc(l L + 2

2) Synchronization will not be attained (1 ¢ §
if
vo < vn - /iFaYZTc - ‘2

3) No decision can be made; continue the
correlation 1if

V <V <V
n o 8
Thus, vn(YZ) and Vs(vz) become

vn(YZ) - /iiuy2rc = ‘2

Y, ¥ Y
s 2 1 2
2 YxTc[z oL /:J an

v (v,) = /2P (l 13) + €
a\V2! = R - 2

7 y Y\ Y
./ Y2(, ) _l_/i'z
3 Vl‘clz TR A v, ] 02

From Fig. 2 the probability of no decision can be
seen to equal P(no decision)

and

4
Pnd - P[Vn <8 +n < V'] (13)
With V_ and V_given in equations (11) and (12),

respecgively..the probability of no decisfon at
time szc becomes

20.4-2




! /3(*_1 /;13
pnd, - 2 erf 2n \L 2 Yl L
s,y
171

+erf/2Fr:T

1f Qd is defined as the probability of making
2
a decision at T = yzrc, then

Q s 1-P
d2 nd2

The realization that a decision can be made
prior to t = y T without compromising the system's
error performancé can be shown to decrease the PN
acquisition time. A detailed analysis of the
actual improvement in the acquisition performance
obtained by the application of this technique 1is
rather lengthly and is given {n a].

NUMERICAL RESULTS

Figures (3a) to (3f) show curves of probability
of decision versus the chip number (i.e. the value
of Y,) for various sets of system parameters. The
ratio of energy-per-chip-to-noise spectral density
Ecln has a value of -10dB, -5dB or 0dB, and the
probability of making an error is taken to be
efther 0.1 or 0.0l. The period of the PN sequence
is 1023 (f.e., N = 10) in all the figures.

On each figure there are two curves, one
showing the probability of making a decision at or
before any time T, and the other showing the con-
ditional probability of making the decision at any
specific time T (i.e. Qq,). It can be seen from
the figures that there i; a high probability that
a decision can be made before time Y, with no loss
of system performance.

REFERENCES

1. S. Davidovici and D. L. Schilling, "Minimum
Acquisition Time of a PN Sequence," NTC '78,
pp. 35.6.1-35.6.4,

2. S, Davidoviei, G. Sevaston, and D. L. Schiliing
"PN Sequence Acquisition," NTC ‘79, pp 54.5.1-
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3. F. Hemmati and D. L. Schilling, '"'Worst Case
Acquisition of PN Sequences.” Submitted to
1EEE Trang. Comm.

4. S. Davidovici, L. B. Milstein, and D. L.
Schiliing, "A New Rapid Acquisition Technique
for DS Spread Spectrum Coummunications." To be
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A Comparison of Schemes for Coarse Acquisition of
Frequency-Hopped Spread-Spectrum Signals

CLIVE A. PUTMAN, STEPHEN S. RAPPAPORT, senior Mmemsir, e, anpy DONALD L. SCHILLING, rr1Low, JEEE

Abstract—Three schemes for course acquisition of spread-spectrum
signals are compared: stepped serial search, matched filter, and twa-
level. Analytical models and formulas are developed which charac-
terize performance in adverse environments. Comparisons are on the
basis of miss probability, mean time to search uncertainty region, and
relative complexity.

[. INTRODUCTION

THE synchronization process required for spread-spectrum
systems consists of two parts- acquisition and tracking.
This paper describes and compares several methods for acquisi-
tion. Three schemes are considered: stepped serial search.
matched filter. and two-level acquisition. These schemes have
been well described in the technical literature |1]-{4}. The
intention here is to develop analytical models and mathemati-
cal formulas which characterize the performance of the schemes
in adverse envitonments, and to compare the schemes in terms
of miss probability, uncertainty region search time, and
relative complexity.

The investigation is primarily motivated by consideration
of ground radio frequency-hopping schemes. It is assumed
that communicators operate in a push-to-talk mode and that a
synchronization process is initiated with each transimission.

A brief description of the schemes under consideration is
followed by a general derivation of performance measures.
Models for Rician fading and user or jammer interference
environments are characterized and used to predict perform-
ance. Methods used in obtaining numerical results are out-
lined and the resulting performance curves are discussed with
reference to particular spread-spectrum applicalions.

1I. GENERAL DESCRIPTION

In the stepped serial acquisition scheme shown diagramat-
ically in Fig. 1. the timing epoch of the local PN code is set
and the locally generated signal corretated with the incoming
signal. If, at the end of an examination interval, the threshold
is not exceeded. the search control inhibits a clock pulse to the
PN code generator so that the loca! code phase slips to the
next cell, n cells per chip, and the process is then repeated.

Paper approved by the Editor for Communication Systems Dis-
ciplines of the IEEF. Communications Society for publication after
presentation at the International Conference on Communications,
Denver, CO, June 1981. Manuscript reccived May 30, 1981; revised
July 20, 1982. This work was supported in part by § Consulting Scrv-
ices (now SCS Telecom, Inc.), Sands Point, NY.

C. A. Putman and D. L. Schilling are with the Department of Elec-
trical Enginccring, City College of New York, New York, NY 10031,

S. S. Rappaport is with the Department of Clectrical Enginecring,
State University of New York at Stony Brook, Stony Brook, NY 11794,
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PN Code ten, Control

e Syonch
ladication

Stepped serial search scheme.

Fig. 1.

Bynch
indication

Fig. 2.

Matched filter scheme.

The system thus performs an active correlation with a received
code sequence.

The matched filter. a passive correlator. searches the in-
coming code in real time. The essential structure is shown in
Fig. 2. A sequence of M consecutive frequencies is chosen by
the receiver to establish a code start epoch and the matched
filter performs a near optimal noncoherent detection as the
sequence is received.

The two-level scheme combines passive and active correla-
tion and, as such, combines the capability of searching the
code in real time with integration over a large number of
chips. As shown in Fig. 3, a matched filter detects a relatively
short A hop synch prefix and applies code start signals to a
bank of ¢ active correlators. Each signal causes the next idle
correlator to cycle through K hops at the end of which any
correlator output exceeding the second threshold causes a
synch indication; otherwise, the correlator is again made
available to the common bank.

1I1. PERFORMANCE MEASURES
Detection Probabilities

For ground radio systems operating in a push-to-talk mode
the prime concern is to establish the desired signal code phase
during some brief initial acquisition period. We thus charac-
terize the performance of an acquisition scheme in terms of
the probability that, at the end of the examination interval,
the desired signal code sequence is not detected. This is a func-

0090-6778/83/0200-0183301.00 © 1983 ILEE
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Fig. 3. Two-level scheme.

tion of the threshold level setting. and for the purpuses of
comparing schemes we set this parameter by specifying the
probability that the threshold is exceeded when the desired
signal code sequence is not present. The performance meas-
ure is then the miss probability for a given false alarm proba-
bility.

The input waveform in the ith hop intetval can be charac-
terized as a narrow-band waveform

Sp(0) = A;cos [wi{n) +8,] +g40) ()
where w; is determined by a known pseudorandom sequence,
and g{t) is a Gaussian process with variance o2. This signal
can be expressed as

Sg(f) = r{t) cos [w{r) + 6, + ¢4} (2)
where r{t) is a Rician distributed process.

In the case of an active correlator the local waveform is
hopped at the same rate as the input signal and the detector
output is integrated over M hop periods. In the case of a pas-
sive correlator the outputs from M similar mixers and de-
tectors for successive frequencies are stored and added. The
system thus forms the sum of squates of independent Rician
variates and the output Z can be shown |5} to be noncentral
chi-squared distributed with 2M degrees of freedom. For con-
venience we define a normalized variable Zg, such that Z, =
Z/o’. Its first-order probability density is then given by

Pzf20) = L(zo/S)M = 12e= G0Ny, \(S7g)  (3)

where the noncentral parameter

M
S= 2 A,z/oz
=1

and I, ., is the modified Bessel function of the first kind,
order M — 1.

If the output exceeds a threshold level V5. a synch detec-
tion is declared. The detection probability is then

PD=P(Z> VT}= / on(Zo)dZO 4)
L

where I. = Vr/a?. This can be expressed in terms of the gen-
eralized Marcum Q-function [6} as

Pp = Qu(/S. VL) (5)

M
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where

Qula. b) = / "(x/”)‘"—le-('zuz)nlhl-|(‘l")dx-
S

Its complement is the miss probability expressed as

Py =1 =Py = Oy (VS VL) (6)

The false alarm probability is the probability that the
threshold is exceeded when the correct code sequence is not
present. In the case of the benign environment (noise only —
no fading or interferers) considered thus far, the false alarm
probability is

Yo

Pea =0u0,VL). )

Search Time

It is to be emphasized that the acquisition scheme is re-
quired to reliably detect the first occurrence of the correct
code epoch during the search process. We do not consider
systems which can tolerate one or more misses of the code
epoch and continue to seek acquisition. Let the uncertainty
region length N, be the maximum expected delay between the
locally generated and desired signal code phases measured in
hop intervals. Thus, a second performance measure which
must be considered is the time taken to search the uncertainty
region, T,.

V. ENVIRONMENT MODELING
Fading Channel Model

We consider a Rician fading channel so that the received
signal with which synchronization is desired is given during the
ith hop interval by

Sr(#) =V 2a;P, cos (wit — 8))

+ 2 V3P, cos (Wit — 8,) + n(t) ©)
i

consisting of specular, scatter, and noise components, respec-
tively. The scatter and noise components are Gaussian and
independent and the scatter component is signal dependent.
Equation (9) defines the fading model, and for a; = 0, is
identical to that given in {7} .

For comparative analysis we equate the sum of powers in
the specular and scatter components 1o a constant P,, repre-
senting the average received signal power over many hops. In
particular we take

i+b=1 (10)
where
1 —_
&"—"-’— Ea, and b= Zc‘/z.
M4 :

Here a is summed over many hops and b is summed over many
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multipaths. The quantities d and b are indicative of the relative
strength of the specular and scatter components, respectively.
1t is assumed that these parameters are fixed over the acquisi-
tion period, although they may have long-term slow variations.

Following a derivation similar to that in [7], the above
signal can be expressed in the form of (2). The Rician dis-
tributed envelope at the input to the detector now has param-
eters

A‘ = VZGP,
and
0? = NoBjp + bP,. Qarn

where N is the onesided noise power spectral density and
By is the detector bandpass filter bandwidth.

Multiple Access Model

We now consider the interference generated by other
users who are hopping over the set of F frequency slots. The
probability that no other user causes interference during a
given hop when N other users are active is (1 — 1/FYY. The
probability that at least one other user causes interference is

p=1—-0—-1F". (12)

Since we are integrating over M hops, the probability that j
slots have at least one user present is

M
"("M‘”)=<i >p'(1 —pM-1. (13)

Jamming Model

In application, the receiver could provide for limiting of
received signal strength to slightly above that of the desired
signal. This mitigates the effects of CW jamming. An optimized
jammer would be forced to jam a random selection of fre-
quencies. When the number of frequencies available F is
large, the above model is reasonable for random hop or comb
jamming if N is taken as the number of interferers or inter-
fering tones, respectively.

The Combined Model

To quantify performance for a fading environment with
interferers present it is analytically convenient to assume that
the power of interfering signals lies in the specular compo-
nents, and that hopped interfering signals are (hop) synchro-
nous with the desired signal. In addition, all interferers are
assumed to be of equal strength as “heard™ at the receiver.
Interferers ate assumed to be statistically independent RF
sources with random phase. Our approximate performance
analysis proceeds by noting that the sum of interfering and
desired sinusoids produces a resuliant sinusoidal signal at the
receiver. Because of the assumptions abave, the average power
in the resultant is the sum of the powers in the components,
and we proceed by using this effective sinusoid as the resultant
specular component at the receiver.

The false alarm probability given j slots are jammed is then
P (false alarm 1) = Qs (VS;, VL) (14)

with
$; =f2JPNoBip =] 2E [Ny

where E,. is the received energy per hop, J is the jammer
power (or limited signal power) to desired signal power ratio,
and we assume that By = 1/Ty, Ty being the hop interval.
The overall false alarm probability is then determined by multi-
plying by the probability of j slots being jammed and summing
over J,

.

M
Pea =2 b0 M, PYOw (5, VL), as)
/=0
Similarly, the miss probability is
M .
Py = Z b(j. M. p)Ou“(VSa. VL) (16)
=0

with

iU+ ) + (M- jyj2p = (] + Ma} 2E /Ny
T NoByp +bP, | + bE,/Ng

d

and

L' =LJ(1 + bE/Ny).

V. ACQUISITION SCHEME PERFORMANCE
Stepped Serial Search

There are many ways to control the search process {8]. In
the scheme considered here it is assumed that three successive
threshold exceedences, or hits, are required to initiate the
tiacking phase. Any one miss causes the cell to be rejected.
Hence, the overall probability of faise alarm is

Pea =Py’ a”n

where Ppyy, the probability of a false hit, is given by (15), and
the overall miss probability is

Py =1-Py° (18)

where Py is the probability of a hit.

The magnitude of the detected encigy is dependent on the
relative delay T between the locally generated and desired
signal code sequences. This can be seen from the correlation
disgram in Fig. 4. Due to the stepping nature of this scheme,
the worst case correlation will occur for a delay of £T,/2n.
Assuming equally likely delays, the average loss from full
correlation can be found. In the calculation of the parameter
S, the desired signal energy must be multiplied by the factor

2n-—1
2n

x

@19
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z peak Correlation Level The detection and false alarm probabilities for the sub-
. orre on ve . . .
systems are provided by (15) and (16) with K substituted for
Average Level M in the case of the active correlators
Worst Case The search time is given by
Ts = (N, +M+ K)T,. (24)
; VI. RESULTS
Starting with the serial search scheme, the basic perform-
f = > e delay T ance curve is presented in Fig. 5 as the miss probability versus
b M" m_" b energy per chip to noise density ratio for various integration
eriods M (hops) in enign envi . It is seen, for ex-
Fig. 4. Signal corrclation djagram. per (hops) a benign envisonment. It is

It should be noted that this scaling is used only for the stepped
serial search scheme. This is because, in practical implementa-
tions of both the matched filter and two level schemes, the
largest output of the passive correlator {(in the interval where
that output exceeds the threshold) would be used to deter-
mine the coarse code epoch, so there will be essentially no
correlation loss.

Since each cell is examined for a period MT), the search
time for no false hits would be

T, =(nN, + 2)MT,,. (20)
False hits tend to increase this time, but since Pgyy is small
the effect will not be significant.

Matched Filter Acquisition

The analysis is straightforward. False alarm and miss prob-
abilities are given by (15) and (16). Since the search time is
just the time taken to search the uncertainty region once,

Ty=Nc +MTy,. (21)

Two-Level Acquisition

This scheme is analyzed in [4]. A false alarm occurs when
the matched filter gives a false start signal which finds an idle
correlator, which in tv - generates the false synch indication.
The probability of this occurring is

Ppa =PraiPras(l — B(c.8)) 4.(22)
where Pp 5 and Pg 5, are the false alarms conditions for the
passive and active correlators, respectively, and B(c, g) is the
blocking probability for the queue of ¢ active correlators given
by the Erlang loss formula with g = KPg 5 ,.

A correct code acquisition epoch will be missed either when
it is missed by the matched filter, or when it is correctly de-
tected by the matched filter but is either missed by an active
correlator or finds all active correlators engaged. The proba-
bility of this occurring is

Ppg =Pppy + (1~ Py ) Blc,8) + A — B(c,8))Py2)  (23)
where Py, and Py, are the miss probabilities for the passive
and active correlators, respectively.

ample, that a miss probability of about 1072 is obtainable for,
say, E./Ng = S dB with M of 20. To take full advantage of
this scheme, performance can be improved by increasing Af
without increasing hardware requirements but increasing
search time. llowever, the accompanying set of results for
an environment where half the received energy is in the scat-
ter component and there are five interferers present shows that
longer integration times are in fact necessary to produce miss
probabilities of the same order.

The performance curves for a matched filter scheme are
provided in Fig. 6. If the matched filter complexity M is
equated to the stepped serial search integration time in hops,
we find that the serial search scheme is slightly superior in
performance. This is due to the fact that the serial search
scheme considered requires three successive hits for a synch
indication, whereas the matched filter relies on a single thres-
hold exceedence.

With the two-level scheme it is meaningfu] to seek those
thresholds L, and L, which minimize the miss probability,
while the false alarm probability is held fixed. For each given
parameter set consisting of M, K, ¢, E./Ng, relative strength
of scatter component b, and number of users N, the speci-

field false alarm probability establishes L, for a fixed L,. .

Thus, each computation of miss probability is minimized over
L, subject to the constraint of a given false alarm probability.
Curves for the two-level scheme are presented in Fig. 7. Here
schemes with one and three active correlators are compared.
The active correlation period is 10 hops. It can be seen that
an improvement in performance of 1-2 dB in the region of
interest can be gained by using a bank of three active correla-
tors as opposed to one. Comparison with ihe matched filter
results show that, for similar performance, the two-level
scheme with K = 10 requires a passive filter complexity only
half of the matched filter on its own.

Vii. CONCLUSIONS

The serial search scheme has been shown to provide good
detection capabilities even in adverse environments and is
relatively simple to implement. The cost is a long uncertainty
region search time compared to that for the matched filter or
two-level scheme. If this can be made small, such as in systems
with reasonably fast hop rates and short codes, or if some
rough code epoch can be maintained with clocks, then the ac.
quisition times obtained can be acceptable, and the system is
preferable in terms of detection reliability.

Matched filter detection requires a complex hardware

12)
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Fig. 7. Miss probabilitics for two-level acquisition.

structure for similar performance. However, the matched
filter searches the uncertainty region in real time, offering
a clear advantage where it performs adequately. It is
therefore preferable in systems operating in less adverse
environments where simpler filters will provide the desired
performance.

The two-level scheme combines the advantages of the
rapid search time of the matched filter with the detection
reliability of an active correlator, It would therefore find
application in systems which do not rely on a time reference
and which utilize long codes but require rapid and rcliable
acquisition in adverse environments. In situations with im-
paired signal detectability due to interference and/or scat-
ter, the parallel bank of active correlators in this schcme
provides additional versatility. Roughly, even while some cor-
relators which may have been falsely engaged are operating,
successful signal acquisition is still possible with an idle cor-
relator. This parallelism is not available in the other schemes
congsidered here. These advantages are at the expense of some-

what higher complexity, which, however, is not necessarily
formidable.
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ABSTRACT

Tracking requirements for a frequency hopped
spread spectrum system with a view to application
in mobile radio are investigated. Models charac-
terizing Rician fading and multiple access or jam-
ring environments are used to formulate signal
detection probabilities. These determine the mean
time to loss of lock. Optimized tracking in these
environments is then considered.

.1. IKRTRODUCTION

The frequency hopping (FH) waveform as a pseudo-
random modulation technique has the attraction of
ease of implementation and inherent frequency div~
ersity [1]. A central feature of a FH system is
the pseudorandom code generators at both the trans-
mitter and receiver, capable of producing identical
codes vith proper synchronization, The pseudoran-
dom code sequence is used to switch the carrier
frequency via a frequency synthesizer and videband
mixer. When the synthesizer in the receiver is
swvitched with the synchronized sequence the fre-
quency hops on the received signal will be removed,
leaving the original modulated signal.

The synchronlzation of FH spread spectrum signals
can be broadly divided into twvo phases: acquisition
and tracking. A typical system would first obtain
coarse acquisition of the received pseudo-noise
encoded signal [2], follovwed by fine acquisition
by the tracking loop. At the end of the acquisi~
tion period loop parameters would be adjusted from
acquisition to tracking settings and the system is
said to be in lock. There are two possibilities
at this point. Depending on the scheme used,
either one or s series of false alarms may have
causea the system to incorrectly enter the lock
state, or the correct code epoch may have been
detected causing the system to correctly enter the
lock state. The requirements for the tracking
phase are to maintain tracking of the correct code
phase in the latter case, yet to quickly reject
the false lock condition to allow resumed search
for the correct code phase in the latter case.
Although this paper focuses primarily on tracking

. of Fi signals, much of the analysis arplies direc’-
ly or with little modification to other spread
spectrum schemes such as direct sequence or hybrid
systems. In-lock detection reliability is charsc-
terized by mean time to loss of lock vhen mean
time to reject false lock {s given.

2. THE TRACKING LOOP
The coarse acquisition schemes described in (21
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will provide acjuisition of the reccived pseuio-
randag modulating sequence to within about half a
code bit, or chip. Cince finer acquisition is
needed, and since reliance cn clock stability to
maintain accurate synchronization is generally not
sufficient, even for short transmission push to
talk operaticn, a tracking loop is usually ermployed.

The early-late gate tracking locp as used for
range~gate tracking in ralar systems [?), lends it-
self well to the frejuency herrped sipnal applica-
tiwn. Tris 1oop and its azcceniated waveforrs are
chown in Figs. la,b.  The rating waveT.rm p't) from
the VCO is alternately negative and prritive witn
the minus to plus transitions coinciding with the
chip to chip frequency hopping instants cf the
locally generated waveform S (t)., The error signal
is generated by integrating ?he multiplied gating
signal and envelope detector output v(t) and is
rroporticnal to the delay T between the local and
{ncoming code phases. The resulting discriminator
characteristic is sh>wm in Fig. l¢c. The error
voltarge is used to ailvance or retard the local
waveform into aligument.

Inherent in the locp cperation will be scme phase
ditter which will increase with decreasing sifnal
<0 neise ratio. The variance of this phase error
i3 given in (3] for a single received pulse as

where T is the gate width, T
and E/N” is the pulse energy
povwer spectral density ratio. For a frequency hop-
prd system Tg is equal to the chip duration T., and
assuming that the channel correlation bandwidth is
greater than the hop rate, T_ is also equsl to T,.
P
Hence

is the pulse width
o single-sided ncise

GT2 = T (1)
8mEc/No

where moia the number of bopa in the {nteerntion
prried and E, is the enerey per chip. This reault
alss agrees wit: that §n (4} with the loop band-
width vritten as By = 1/mT..

3. IN-LOCK MCNITORILG

Once the nystem enters the leck state, it becumes
necesoary to menitor the tracking of the received
ccde phase. This {s achfeved using the detector
of Fig. la. The input waveform in the ith hop
interval can be characterized as a narrowband wvave-
form,

. - ST _ _
uR(t) v‘lscos(vj(t 1Tc)09i] + gi(t ATC) (2)

27.4-1
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vhere w, is determined by a known pseudorandom se-
quence, and gi(c) is & gaussian process with vari-
ance o<, The envelope of this waveform is then »
Rician distributed process, and since integration
is over M hops, the output Z is the sum of squares
of M independent Rician variates. For convenience
we define a normalized variable Z,, such that

2o = 2/02. Its first order probability density is
then given by (5]

(M-1)/2 -(z ¢+s)/2 (/82)
on(zo) = %(zo/s) e Leo 0

vhere IM is the Modified Bessel function of the
first kxﬁ&, order M-1, and the noncentrality para-
meter is

S = 2»1?5/02. (3)

If after MT  seconds the output exceeds a thresh-
old level Vp a synch detection is declared. The
detection probability is then

Pp = P25V} = { pzoizo)dzo ()

where L= VT/°2‘

This can be expressed in terms of the generalized
Marcum Q-function as

Pp = Q,(¥5,7L) (5)

2.2
vhere Q(a,b) = fwx(x/a)M']'e'(a *x )/2IM_1(ax)dx.
b

Its complement is the miss probability expressed
as

PM=1-PD=QM°(/§,./£)_ {(6)

The false alarm probability for this system is
the probability that the threshold {3 exceeded
~hen the correct code sequence is not present. In
the case of the benign environment considered thus
far, the false alarm probability is

Ppp ® QM(o,/i) . (1

The tracking loop phase error will reduce the
correlation between received and locally generated
vaveforms, thereby degrading in-lock detector per-
formance, and must be included in the detection
probability formulations. This is done by assum-
ing that the phase error is approximately Gaussian
distributed {3] so that 90 percent of thes.time the
phase error is less than 3op. It can then be seen
from the diagram of Fig. 2b that the correlation
is reduced by a factor less than 307/T. and hence
the signal power at the detector output is scaled
by a factor greater than

2
d= {1~ 3°T/Tc)
Hence the miss probaebility is given by (6) with,

trom (3),

2Map
S = L (8)

BIFNO

where BIF is the system noise bandwidth.

Combining the tracking loop with a stepped serial
search acquisition loop reswlts in the circuit of
Fig. 2¢, with each loop providing fine and coarse
VCO control recspectively. Scparate cnvelore detee-
tors are used for tracking and signal detection
since it is likely that their characteristics will
differ. It can be noted that the in-lock detector
is inherent in the same circuit with probable para-
meter changes. However, if matched filter acquisi-
tion were utilized, such circuitry would be addi-
tional,

5. CONTROL STRATEGY

Information received from the threshold detector,
that is whether or not the threshold 1s being ex-
ceeded, is interpreted by & control system which
decides whether or not to continue tracking or re-
turn to the search phase. This decision will be
based on some form of control strategy (6]. In {ts
simplest form, & single occurrence of the threshold
not being exceeded, a wiss, causes the return to
the search phase. Alternatively a serles of such
occurrences may be required before this action
takes place as shown in Figs. 3a,b. Here n i3 the
number of additional in-lock states. The differ-
ence between the two strategies shown is that a
threshold exceedence, or hit, either causes control
to return to the first in-lock state or the previ-
ous one.

The control strategy can be represented by a
finite Markov chain [7). It is assumed that the
probabilities of & hit or a miss are constants.

The Markov chains for the strategies of Figs. 3a,b
are shown in Figs. La,b respectively, where p is
the probability of a hit and q is the mias proba-
bility. The first state has a reflecting wall, and
the last state is an absorbing state representing
rejection of the current code phase. The Markov
chain can be described in terms of its transition
matrix P whose element Pyy is the probadility of
transition from state i t0 state J. For the Markov

chain of Fig. ka, the (n+2)x{n+2) transition matrix
is

P qQ O.........0
P 0 g :
0 p O N

Py = : . .
: ‘0 q 0
. p 0 g
O.cvvevss.0 0 1

and for that of Fig. bb,

p g O0.........0
p 0 q :
p 0 0O .

P . '

b " : ‘0.q 0
P 0 0 gq
0.e.veves.0 0 1

respectively. In each case the matrix can be parti-
tioned as

Q R
P =
o 1
so that the (n+1)x{n+1) matrix Q describes the

Markov chain without the absorbing state, Risa
column vector of n zeros and & q, end 0 is a vector

27.4-2
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of nel zercs.

The mean transitics tize froz any state 3 10 ude
sorbing state n+l is given ty the ith element of

the vector (7]

(I -Q 7 L ="t
vhere I i3 an fdentity =atrix end t {s a vector
tose elemenis ty are the times spent in stute .
The gean tize to loss of lecr T i ttus given by
the first element of T, the mean trunsition time
from state J to state n+l., Using elementary ma
trix algebra,

Do
r tints
1=0 dev N

TL =

where C{y is trhe cofucter of njys. If t,, the
threshold detector integrution gA:cs, are a con-
stant MT,, then

n N
To=MTC o Yi) . (5}
L € §20 Tet &

This formula ay;lies to any ceontrol ctrategy and
is easily calouwlated when muatrix algebra routines
are avallatle,

A slightly different apprench yields closed form
expressions for a glven control strutegy of n
stages. The state transiticn dagress can te
transformed into signal flow graphs (8], The
strategies of Figs. 3a,b cen then alsc be repre~
gented by the signal flcw graphs of Figs. Sa,bt
wvhere the variatle t rupregents the unit pruth leng-
th, in this case the flacd integration time. The
gean path length from node © to node n+l s then
the mean tize to loss of lock. Since the mean jath
length s Just the sua of wll path lengehs Li*ev
t\eir provabillity it can te obtuined ol

aph trunsfer funccicn Gult) by dtf{urcntin:ing
]

vith respect to t and setting t=1 [3):
T, = MI  d3, () (10)
L ¢ & t=1

The graph transfer functlca for Fig. 5b i3 ob—
tained by inspection using Mason's formula (9] as

n+l n+l
G {t) =g 't .

=0

Ayplying equation (10) and using p = 1-q it is
found that

n+l
TL - Mrc ]—q .

(l-q)qn’l

Rote that as the miss protability approaches unity
ve find
{n+
Um T = Mn 1) (1)
g1

This result will be used as & basis for comparison
of various control strategies. A general closed
form expression for Tp for the graph of Fig. Sa
has not been found, but the same technlgue yields
an expression for each value of n. In ecach case
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for the miss protability (6) then becomes
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S = 2Madp /o” (13)
2
where g7 = N BIV + bP
Multiple acters model

We now cousider the interfercnce generated by
other ucers who arc lcypping over the set of
uency sicts, The probatility that ro other user
causes interference during a given hop when N other
users are active ia (1-1,/F)5, The protability that
at leust cne cther user causes interference is

AN
p=1-{11/r", (1)

Since we are intcprating over M hops, the protabil«
ity that § slots have at lewust one user rresent, is

34
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.
p(3.,p) =\ 1) p(2-p) (15)
Jamnlng Model
In applicaticn the receiver cculd provide for
limiting of recelved signal strenygth above that of
tre denjred signal. This mitigates the effvets of

CW Juzzing. An opticized Jazmer would be forced
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to jam a random selection of frequencies. When the
number of frequencies available F is large, the
above model i{s reasonable for random hop or comb
jamming, {f N is taken as the number of interfer-
ers or interfering tones respectively,
The Combined Model

To quantify performance for a fading environment
with interferers present it is analytically conven-
ient to assume that the power of interfering siy-
nals lies in the specular components and hopped
interfering signals are assumed to be synchronous
with the desired signal. In addition, all inter-
ferers are assumed to be of equal strength, and
where interferers and desired signal are present
in the same slot their powvers are assumed to be
additive.

The false alarm probability given ) slots are
Jammed is then

P(talse alarm | J) = QM(/gg,/f)

(16)

with
<
SJ 32JP8/N Bip = J”JEC/N

vwhere J {3 the jammer power (or limited signal
pover) to desired signal power ratio and we assume
that B =1/Tc. The overall false alarm probability
is then determined by multiplying by the probabil-
ity of J slots being Jarmed and summing over J,

M
I b(3,M,p)Q,(75,, vL).
3=0 !

Similarly the miss probavility is

M
Py = Jiobu.u.pm;(/é;,/x?)

P, = (17}

FA

(18)

with
Sd = [J(J*a)*(M—J)a]QP5 = [jJ*Mn]?EC/No
NOB + st l+bEc/No

IF

and
L' = L/{1 + bEc/No).

6. RESULTS

The performance parameter of interest ls the
mean hold-in time T, given the mean time for false
lock TFL' For grapﬁical convenience we generate
the logarithm of these times normalized to the hop
period T . Thus given T_ , M, m, and n, PF is
specifiea so that for any set of parumeterseEO/ND.
relative strength of scatter component b, and num-
ber of Interferers N, the detector threshold level
and hence P, and finally TH can be calculated.

Consider a tracking system employing the strat-
egy of Fig. 5a. The basic performance curve is
presented in Fig. 6 as the log of normalized mean
hold-in time vs energy per chip to noise density
ratio for varying number of control strategy
states n. For the loop parameters M and m chosen,
the need for a control strategy with one or more
additional states 1s evident. For example, if the
mean hold in time is required to be greater than
an hour at an EC/N of 6dB with a hop rate of
10KHz and a mean time to reject false lock of 10m5,

then a value of zero for n (i.e., a aingle iss
causes immediate return to the search phase) is

sufficient in a benign environment. However, when
the environment consists of a fading channel wvhere
half the received energy is {n the scatter compo-

nent, and there are 50 interferers present, cone or

two additional in-lock stetes are needed.

Minimum tracking system requirements for a speci-~
fied mean hold-in time in a given environment are
determined by the specified mean time to reject
false lock. To sce this consider the curves of
Fig., 7, log of normalized mean hold-in time vs log

.of normalized falce lock time, which show the

trade-cff in perforrmance for reduced mean false
lock time, With reference to the results for an
environment where half the received energy is in
the sca.'er cumponents and there are 50 interferers
present, we see that for the parameters chosen, if
TFL is required to be less than 10ms then two addi-
tional in-lock states should be used.

The curves of Figs. € and 9 show the effect of
the relative strength of scatter component and num—
ber of interferers respectively on the mean hold-in
time., The effect of the fading environment is seen
to be more severe than that of the multiple-user or
Jamming envircnment, and control strategy require-
ments can be determined from these results.

Similar results were obtained for a system using
the control strategy of Fig. 3b, and were found to
have little significant difference from the above
results for the values of n considered. Either
strategy would thus suffice.

Finally, there were also found to be little signi-
ficant difference in the performance obtained from
a system with n=0 and M=20 compared to a system
with n=2 and ¥=10 (application of equation {(11)
ylelds a normalized mean time to loss of lock of
30 in each case). This implies that adequate per-
formance can always be obtained simply by increas-
ing the in-lock detection integration time, provi-
ded the constraint T, /T  >> M is met. However,
the analytical rcsulf% pgedict average performance
and do not reflect the disastrous effect of events
such as deep fades which are often prevalent in a
mobile environment. The in-lock states and shorter
integration times would be preferable since a
single miss does not indicate loss of lock.

T. CONCLUSIONS

A system for the tracking of frequency hopped
signals has been evaluated in terms of mean hold
in time for given mean time to reject false lock.
It was found that tracking system requirements for
a benign environment are greatly extended by the
Rician fading environment, and only to a limited
degree by a multiple access or jamming environment.
System design should therefore utilize the predict-
ed results for an expected environment.

In the case of a benign environment, performance
of the tracking system In terms of mean hold-in
time can always be improved by increasing the in-
lock detector integration time, providing that the
mean time to reject false lock is acceptable., How-
ever, a search lock strategy with one or more addi-
tional in-lock states gives similar performance
for the same mean time to reject false lock and is
preferable in the case of the fading environment.

27.4-4

19)




* SYFIRENCES
" TiT v.F. laut, ‘Spread Spectrum', ITU Telecca-

t2}

13l
i)

(s}
(6}

[}
{8}

(9}

sunjcations

C.A. Putman, ©.S. Rappaport and J.L. Jonilling,

Jourrnal, Vol. LS, Jan. 1978,

‘A Cooparison of Scheres for the Couarse Acqui-

sition of Frequency H.pred Spread Cpectr.m ©

nals', 120
D.X. Barton
Hall: Engle
M.X. Stmcn,

{zer', IFEE Trars. on Coma. Tech., Volo CuM-1d

%o. 5, Ccto
A.D. Whalen
Academic Pr

P.M. Hoprins, *A Unified Aralysis of Pseudo-

Conference Ketord, June 1mb.

. ‘huiar Syuterm snalyuis', frentice-

wood Cliffs, N.J. 1ol

ig-

‘Nonlirear Analysis of an Absclute
Yalue Type of an Early-late Cate Bit Uynchron-

ber 197J.

, 'Detecticn of Signals in Noise'

ess: Yew York, 1971.

nolse Synchrenization ty Envelipe Correlation'

1EEE Trans.
August, 197

on Comm. Tech., Vol. (0M-/S

T.

No.

]

M. losifescu, 'Finite Markov Chains and Their

Applicaticn
J.X. Holrmes
Performance

IEEE Trans.
August, 197
V.W. Evelelgh, 'Introduction to Control Zystem
Sraw-H{ll: New York, 13972.

Design', Mo

{10) J.M. Wozenc

lill

Communtzat:
19€5.

a', Jchn Wiley: Remania, 1930,
and C.C. Cneng, "Acguisiti
of FN Lpresad Spectrum Cystems',
cn Comm, Tech., Yeol. C7TM-IS Ho.

.

T.

raft and I.M. Juccls,
on Engineering', Wiley:

lsPr
(0
Frequeacy
Syotheslzer
la. Eazly-late gate tracking loop.

it J T

ot - 147 T [ Tan AI——

s, [

1b. Loop waveforus.
eit)

-1,
-T
L 2 delny T

/ T° <
\\\\\//// T

lec, Discriminatoc charactecistic,

=
£

ns Time

rinciples of
New tork,

2a. In-locx detector.

_

| Pear coreeistion reguttion
N
‘ \
!
I

N,

\,

A

T ] fe—Prase error v
9

Phase delay

2b, Correlation dtagram.

CONTROL

PREQUENCY ; e
STATRESLIZER !

2c, Serfal search acquisition and tracking systes.
miss miss
" o Ik;ck - E =
[i::] Bt C:::] -7 7w
Fig. 3a

terurg to search

..
Fig. 3 resuro to search
la, b, Control wstrategies.
q L
{GOWON Oam®,
- - —_ - -
Fig. 4a
4a, t. Markav chain diaqrams for Pigs. da, b, resp.

27.4-5

AR




o .

D ——— -

3 4t

as . - 4 :
Rt - A "
C::‘;\“—’?( - - =T A ) . e

LALT ts, b. Signal tlow :rajrs for Flg. ja, b, cesp.
ST e e ey — . - g - Y e———— P  m e —— —— e  ——
.
Y. - . . «-‘
f / . . + l
.- PRI ‘ . . .o - i
I ! v - S~ .
R PP . N K i - -
-~ ~ . sl ‘
. . - 4
S . . -
T . i B N -
" . i H4 .
- ; Y ¢ :
E . . A
e i , ; . . . ) -
' ~
. . . . {
‘ 7 . ,at . = e i
o . . N KN ——— -
B
' aey ‘ + o :
. . |
4 |
) v, B
.
— s - - B
. )
t .
v T )
. L L . o et
R A T . )
: . Coweiq trave fer ?o8 SO0 _ . 4
- R . e . B
- t
< - ) . e
sl I R R ot ® 000 trers . R R - e = L R —_
| 4 )
L tenear emeomeent IR
—_— - — % N ey :
. . ———
¢ 4 — e b o w aram T — W ST . g
p————p T T T T T P : - LT : < ‘ T N
PP N e -
<
§ C o ot ne voide ; ;
6. Log of notmalized mean hold-in time va energy §. toyg ot nogralized measr v2.d-in time ve relative
strength of scatter ccrponent.

per chip to noise density ratio.

A
0

taenis Ctare rer 7@ B

Somrre tters fer T 100U

(s - R - l Vem
, Vg e o oo | veaenm S
poogn e i
RN BN RLEVTITY TAC et
R IS GRS R ¥
o " n a ] " ARy own Tl
3 ‘ - erre Lty
7. toq of rormalized mean hold-in time vs leg of 9. Log of normalized mean hold-in time vs number of

norpalized mean time to teject talae locx. othet users.

27.4-6




. . 22)

Coherent optical production of the Hough transform

George Eichmann and B. Z. Dong

The Hough transtorm (H T s an elhicent shape detectorn that e strage bt e~ into a tse parame ter tea
ture space. Kecentlyat has been painted out that the terward Raden transtorm oFR T wea known trom the
theory of computed tumographs, and the HT are equisdent for bunary inages Lo this paper, analog coher
ent optiwal inplementation of the FRT c discassed . The FRT will not oniy be ot use mcimplementing the
HT shape descriptors but also act as & coherent opt:cal preprocessor fur the implementation of multidi-
mensional convolution, correlation, and spectral analvsis using T I acoustooptioal sinal processing desices
Several daterent coherent optical FRT arclutectures are presented FExpersnental results using conven 4
tonal coherent Fourier transtorm contiguration are piven The relationship between the coherent aptical
implementation of the FRT and the inverse Radon transtorm, an important tool in computed tomography.

15 also detanled.

I. Introduction

The Hough transform?! for detecting straight lines has
been discussed in the context of image pattern analy-
sis.” ¥ The Hough transformation maps a point in the
x-y plane into a sine curve in the (p#) transform plane
using the formula p = x cosfl + v sinfl. A straight line
in the x-3 plane is mapped into a point in the transform
plane.  Every picture edge element, which may be
considered as a unit length line segment, is mapped into
a point in the transform plane.  All collinear edge ele-
ments are mapped into the same point in the transtorm
plane. The total number of unit length collinear line
segments form a histogram at a point in the transform
plane. A single long or many short collinear line seg-
ments can vield the same histogram vafue.  Images that
contain edge elements only, the so-called shape fune-
tion, can always be decomposed as a set of approximate
line segments. The Hough transform maps these line
segments into a smaller feature space to form the Hough
transform shape descriptors.

Recently it has been pointed out by Deans® that the
Hough transform for a binary image is equivalent to the
forward Radon transform® (FRT) of this image, a
transform that has been known for a half-century. In
fact the generalized versions of the Hough transtform?
that detect other shapes such as rectangles, ellipses, or
paraboelas can be shown to be equivalent to a generalized
version of the FRT. In this case, the generalized FR'T
maps the 2.1 shape function inte a multidimensional
feature space. The Radon transtorm theory has not
only applications in pattern recognition but also in
nuclear medicine, imaging by nuclear magnetic reso-
nance, determination of the electron-momentum dis-
tribution in solids, scattering theory, and plasma diag-
nostics.® 1 While digital methods for both construc-
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tion and reconstruction of the Radon transform are
available,'! ¥ optical analog reconstruction techniques
have also been discussed ! 19 A recent survey of both
coherent and incoherent optical econstruction tech

niques s available®™ More recently, Barrett®! has
discussed use of incoherent optical FR'T processors for
performing muitidimensional convolution, correlation,
and spectral analysis using a series of 1-D optical Radon
transtorm processors.  In this paper, coherent optical
implementations of the FR'T are discussed. The pur-
pose of the optical processors is to be used as a band-
width compressor of optical shape functions as well as
in the use of 1-1) coherent optical signal processing of
multidimensional signals.

ll. Radon Transform

The FRT can he defined in a number of spaces and
inanarbitrary number of dimensions. = 1 fix 3 ) is the
2-D input distnibution, the FRT of this tunction is de-
fined as, using vector notation,

fipdh = ‘ fOdp = x> fdx, (l
where

X =14, t\va,, 2

£ = costla, + sintla, = fa, + §a, 4

The transtorm parameters (p./) can be considered as
defined on a rectangular grid in the (p ) plane. A point
{padlu} in the transform plane corresponds to a line in
the x-v plane where py is the shortest distance between
a point on the line and the origin, and ), is the angle
formed by this shortest chord to the line measured from
the positive x axis (Fig. ). Conversely, lines passing
through the point (x,.30) in the x-¥ plane correspond
to the sinusoidal curve

£ = thcost 4oy snt [E2]
in the (p.f) plane. "These properties are the basis of the
line detection capability of the FR'T. While the present
discussion deals with line detection in noiseless images,
an analysis of curve detection in noisy images is avail-




Smey - em—

able s Some of the elementary properties of the
FRT are now described.

Translation of the input transparency by a distance
Xo, i€,

fiolX) = Jhx + 20,y + 3), t5)
yields a FRT
Laph = fip + § - xah )
Taking the directional derivative of the input,
fax) = as Cfix), ()
where a is a constant vector, vields as its FR'T
fapah = - Eofrap, 1)
while the linear multiplication of the input
fux) = (@ - x)ix) h

vields a directional derivative in the angle FRT
plane:

Wfvip = —a.<f o)
y
AN
/Q
</ .
) N

Fig. 1. Cartesian input and radon transtorm plane coordinate
gcometries. The shortest distance to the straight line is p, while §
is the angle formed by the shortest distance cord and the x axis.

=t —— 1

Fie 2. Coherent Fourier optical tens configuration used to record
the FRT of 0 2.Dinput. The input is Jocated in plane *,. A vertical
slitis placed in the Fourier transform plane £,, while the output FRT
is recorded in the inverse Fourier transform plane Py, For a fixed
angle of the input in the plane /7, a Cartesian covrdinate slice, with
FRT coordinates as a Cartesian grid, is generated at the output plane
P, Rotating the input in plane Py by an incremental angle while
simultaneously linearly translating the output storage material in the
output plane £, a new slice of the FRT picture is zenerated.

“"M

Finally the FRT of the 2-D convolution of two inputs
f1(x) and f,(x} in the space domain

fix) = J T L atx ~ y)dy (n

f\p,ﬂ\=J fuo0f8.p = ede, a2

a 1-D convolution of the FRT of the inputs in the Radon
transform (R'T) domain.  This property of the RT,
namely, that it maps 2-D into 1-D convolution, can be
exterded into higher dimensions,  Also this property
allows reduction of multidimensional correlation, con-
volution, and spectral analysis to be performed using
1-D acoustooptical signal processing architectures.

lil.  Optical Methods of Generating the Hough
Transtorm

The starting point for the coherent optical generation
of the FRT is the direct implementation of the inte-
gral

floh = JJ flx )¥8p ~ x cosfl = v sinthdxdy, (1

where f(x,3) is the input and f(p.0) is the output with
a delta function as the space-variant impulse response
kernel function. A particular way to implement this as
well as other similar kernel functions is to combine
suitable linear and/or circular motions that will map the
space-variant kernel into a space-invariant kernel. If
the coordinate axes (x,v) are rotated by an angle 8, the
new coordinate axes (u,0') are

u = x costl + v sintl ¢ = —x sint! + v casf, 13

In the rotated coordinates the input transparency is
f~{u,e). Thus by rotating the input, the output FRT
can be expressed in terms of a space-invariant kernel
operation

fiph = JJ‘ fudp — widudr. (14)

This integration can be performed either in the space
or in the spatial frequency domain. In the space do-
main, for example, one could electronically integrate the
rotated function along the v axis and then use a 2-D
coherent optical processor to implement the second
integration. 'This integration can readily be performed
using an astigmatic processor.25 Qr one can use a 2-D
multiplexed holographic processor to implement di-
rectly the space-variant impulse response function of
Eq. (1). Alternatively, since the kernel of Eq. (14) is
space-invariant, the filtering operation can be per-
formed in the spatial frequency plane. Letting the
Fourier transform of the rotated input transparency be
F~(2,w), the FRT is

fipn = JJ" F-tzao)H G arp Hdedu, (s

where the filter function H- is
H=(zap M = (1720)8() expl=y2p). (16)

This filter can be implemented using a slit and linear
phase-shifting wedge. An experimental implementa-
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b
Fig. 3. Experimental results generated using the optical setup de-
scribed in Fig. 20 Inta) the input while in (hy the FRT shees of (a)

are shown. ‘The vertical nxis i 1h) s p, whole the harizontal s the 8
axis. Here the angle (« measured tfrom the Cartesian y axis.

360'—/\/\-

P
-04 -02 00 02 04

Fig. 4. Computer generated FRT slices for the input of Fig. 3(a).

tion of this scheme using a coherent Fourier optical
processor is now presented.

In Fig. 2 a coherent Fourier optical lens configuration
is used to record the FRT slices. The input transpar-
ency is located in the plane P,. A narrow vertical slit
prescribed in Eq. (16) is placed in the transform plane

832 APPLIED OPTICS / Vol. 22, No. 6 / 15 March 1983

24

b
Fig. 5. Experimental results generated using the optical arrangement
shown in Fig. 2. In (a) the straight lines input, while in (b} the FRT

output slices of the input of (a) are shown,

P,. The 1-D linear phase shift is implemented using
a second Fourier transform lens together with a 1-D slit
in the output plane ;. In the film plane P, for a given
angle 0, a slice of the FRT plane is recorded. By ro-
tating the input in plane F,, a new angle is selected.
The new angle is recorded by linearly translating the
film to a new Cartesian grid position in the FRT plane.
In this fashion, the whole FRT output plane is filled
sequentially. In Fig. 3(a), a particular input containing
both horizontal and angled lines is shown. The re-
sulting FRT slices are depicted in Fig. 3(b). The ver-
tical is p, while the horizontal is the 0 axis. The FRT
slices are spaced 45° apart with zero at the left and 360°
at theright. In Fig. 4, results of the computer generated
slices for the input of Fig. 3 are shown. Note: to be
consistent with the experimental arrangement, the
angle 0 is measured from the vertical axis. While the
results are sensitive to the choice of the origin [see Eq.
(6)], these results do match the experimentally obtained
results of Fig. 3(b). In Fig. 5, a second input with the
corresponding output FRT slices are shown. Here, as
in the previous figure, the straight lines are thickened
for the FRT analog computer. While the ideal HT
descriptors deal with idealized line segments, practical
houndaries are always filled for better detection. Thick
boundaries are also necessary for the optical analog
computer to improve the detection SNR. In Fig. 6,
computer generated FRT slices of the input of Fig. 5(a)
are shown. With the identical caveat mentioned pre-
viously, these results match the experimental results of
Fig. 5(a).

Various other expressions for generating represen-
tations of the FRT can be derived by using different
representations of the Dirac delta function. These




representations can lead to new optical implementation
methads for the analog evaluation of the FR'T operation.
‘T'he kernel of the FR'T, a space variant impulse response
function, is a function of four variables. One may iso-
late any particular variable and derive new represen-
tations for the FR'T. Consider a change from Cartesian
(x,¥) to eylindrical coordinates (r,¢), where
X = rCoNd ¥ = rsing (7
In cylindrical coordinates the FRT kernel function is
hirdpd) = 8lp ~ r costtt ~ @) (18)

Using elementary properties of the delta function, Eq.
(18) can be expressed in terms of the radial variable
as

htrgp.h = bjr — p/eostlt — ¥/ {costtt = ] [AED
or in terms of the angular variable as
hirgp = 8lo ~ 0+ cos~Up/r)|/r sqr{l — p/rid]. Q20

These representations of the delta functions are now
used to derive new expressions for the FRT.

Let the input function f(r,¢) be expressed as an an-
_ gular Fourier series

fireo)r = Y fotr)expl= no), (21)
where
falr) = Yn f [(r.d) expnd)de. (22)
0

Substituting Egs. (20) and (21) into Eq. (1) we have

woo—J U LT UL
3:5'_~//\/\_

oo — 1 U LU

.04 -02 00 02 04
Fig. 6. Computer generated FRT slices for the input of Fig. Ha).
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fipy = %

ne~e

expi—jntif, (p), (23

where
= f [adrd[V =~ (p/e¥ )=V 2 expl=n cos~Hp/r)|dr.  (24)
0

The FR'T is expressed as periodic Fourier series in the
angular variable and a forward circular transform in the
radial direction. The inverse circular transform has
been discussed in the context of computed tomography
and in terms of coherent optical implementation by
Hansen and Goodman.'® The forward and the inverse
circular transform kernels are quite similar, and,
therefore, both of these transforms can be performed
with the same optical configuration.

We now use the second radial expression of the kernel
function of Eg. (19) to derive a different representation
of the FRT. Let the input transparency be represented
as

Jtr) =lumy J Gl o) expluridu, (254
Hr
where
Gleg) = J Jir 0 expl~—icr)dr 26
1]

is the Laplace transform of the input transparency in
the radial direction and Br stands for the Bromwich
path necessary for evaluation of the inverse Laplace
transform. Substituting Eqs. (25) and (19) into Eq. (1)
we have a new representation:

fip i = Yy J G lwiphde. 27
Hr

where

. -4
G (“':n.ﬂ’=pJ =G e, cos™ () + 6]
"y

X expl{~putc)du (28)

Here again the 2-I) integration has been decomposed
into two 1-D integrations. The optical evaluation of the
Laplace transform operation has been discussed.?* The
second integration indicated by Eq. (28) can be per-
formed by an astigmatic processor,26

Another method of optically performing the FRT is
based on a coordinate distortion technique. Coordinate
distortion in optics has been discussed,*”?8 and in par-
ticular use of coherent optical IRT has been described
by Hofer.!” The method is based on a 2-D Cartesian
form of the kernel function (1). Consider the following
expansion of the delta function kernel:

Mp ~ x cosll ~ y sinfh) = Yynr f expl—ji(p = x cosl = y

X sinf)]du. (29)

Using this representation of the delta function we can
represent the FRT as

Kot = th=a f' Flu cosw sinh) expl—juwpldw, (30)

where
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Fuo coedls sinth = JJ O explicie oot 4 8 sinfhdxdy (31

Here the 2-1) Fourier transformed input is used as a
building block to pecfarm the FR'T. The 2-D Fourier
transform is performed by a conventional coherent
Fuurier optic processor. By performing a 1-1) Founier
transform in the radial and imaging in the # direction on
the 2-D Fourier transformed input, the FRT can be
formed. The coordinate distortion using an astigmatic
optical processor must be used to perfurm the radial to
Cartesian coordinate conversion followed by a standard
astigmatic optical processor that images in one and
takes the Fourier transform in the other direction.

Finally another delta function representation can be
useful in the case where both the input and its FRT are
limited to a finite region in both the input and FRT
plane. In this case, both the input and its FRT can be
considered a periodic function.  Consider the following
resolution of the delta®™ function:

My == N A cosnmad cosnma il 12)
n =il
where
A= libn=vand 2 Ln » 0, 4

Substituting Eq. (32) into Eq. (1) we have a periodic
function description in the p direction of the FR'T:

/(p,“) = N A, cosnap/Lg, i, [RER)

ney

where
Ralth = JJ fley) cosnm/L{x costl + v sinfl]dedy (3%

is the 2-D cosine transform of the input. The 2-D co-
sine transform can be generated using the conventional
2-D coherent optical processor.™

IV. Summary and Conclusions

Analog coherent optical generation of the HT shape
descriptors has been discussed. H'T shape descriptors
are one of the most efficient boundary descriptors in
pattern recognition. A number of possible analog im-
plementations have been described. The optical im-
plementations are based on the various representations
of the Dirac delta (identity) function, which is the
space-variant impulse response of the HT kernel. Since
the HT and the FRT are identical for binary images, the
above implementations are identical to the optical
generation of the FRT. Because the FRT of multidi-
mensional convolution in the space domain is a 1-D)
convolution in the Radon transform domain, multidi-
mensional coherent FRT processors can act as optical
preprocessors for coherent 1-D acoustooptic signal
processing architectures. Experimental results using
2-D coherent Fourier optical transform lens configu-
ration together with rotational and linear motion have
bheen presented. A good match between computer
generated and experimental results is shown. A num-
ber of other coherent optical FRT architectures are
proposed. Some of these architectures are similar to
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26)
those proposed for evaluation of the inverse Radon
transform known in computed tomography.

This work was supported in part under a grant from
the Air Force Office of Scientific Research AFOSR
81-0169 and a contract from the Rome Air Development
Center F19628-80-C-0095.

References

1PV C Hough, " Methods and Means tor Recognizig Complex
Patterns,” LS. Patent 2069654 (19621

20WO K Pratt Dital Image Processing WWides - Intersaence, New
York, 1978).

AR D shapiroand A Lannina IEEE Trans. Pattern Apal Mach.
Intell, PAMI-L 30397

4. R0 Duda and PUE Hart, Commun ACNM LS, 100970

bSO Deans, IEEE Prans, Pattern Anal Mach Intell PAMI-2,

e IR CTYRT)L

6. J. Radon, Ber. Saechs Akad Wiss Leprig 69, 262 (19173

T K0 RO Shoan, e TEEE Crans, Pattern Anad. Mach lell
PAMI-t, 87 (19825

K R Gordon, R Hender.and GOT Herman. D Theor, Bl 29, 471
(1T

WM Boerner, M Hocand B Y Foo LEEE Trans Antennas
Propag. AP<29, 336 (1981

e ROC Chase, FUHL Seguim, ML Gerasaanenha, and R Peteass,
Proc. Soc. Photo- Opt. Instrum. Eng. 231, 265 0 Tusa)

11 ROM Mersereau and A, V. Oppenheim, Proc, 1EEE 62, 1319
[AEIET]

12 Techmcal Digest, Topial Meciing an Imaging Processing for
2-Dand 3-1 Reconstrecions from Projecinms tOptical Society
of America, Washington, D.C19750),

13070 H Cha, Edl Speaial issue on Phvacal and Computational
Aspects of 3D Image Reconstructunm, IREE Trans. Nudd S
NS-21 Clune 1971,

14 B K Gubert, A Cha, DY FD Atks, BOF Swartdander, and 1
{. Kitman, Comput. Biomed. Res 12,17 (1979)

15 HOHL Barrett and W Swindel), Proc TEERE 65, s 014977

16, KW, Hansen and WL Goodium, Proc, Soc Photo Opt. e
strum. Fng, 231,222 (14s0)

17,0 Holer, Opt. Commun, 29,22 (197

18P Edholm, LG Hellstrom, and B3 dacobson, Phas, Med B,
23, 90 (197K,

19, H Platzer and H Glunder, “Tomogram  Reconstruction by
Hedographie Methods,” i Holography i Modicme and Rialogs
GOV Bally, Ed. Springer, New York, 197910 ppo 117 1238,

200 A F Goutrosd B Gresenkamp, WoSwindell HH Barrett, ML
Y. Chiand 8. K. Gordan, Opt Fng 19, 260 01asm

21 HOH Rarrett, Opt. Lett, 7, 248 (1us?y,

22 0M Geffand, M1 Graev, and N Yo Vidh, Gencralized
Functians iMeGraw Hill, New York, 19660, Vol 5

LN D Shapero, Comput Graph Image Process 8, 219 (1978),

24 Skbanckv, TREE Trms. Compat, COM-27, 97001978,

W Goodimam, " Lanear Space- Varant Optcal Provessing,” i
Optical Data Processng, Fundamentals S Lee, Bd (Sprimger,
New NYork, 1480,

26 R0 Marks U F Walkup, MO Haglerand T F. Kreile, Appl
Opt 16, 739 (1771

27D Casasent and D, Psadys, Appl Opt 15, 1795 (1976). .

2R D Casasent and D Paaltis, “Detormation Tnvarant, Space-

Varant Optical Pattern Recogmtion,” in P'rageess i Optics, Vil
IN EWaolt, Edo (North Holland, Amsterdam, 1975)

200 GOVavras, Radiation and Propagation of Electromazne tre Warss
(Academic, New York, 19648, Chap 8

A0, G Ewhnmamn B Stebland R Mamaone, Proc Soc 1 hoto-Op.
Instrim. Fog. 209, 24 ()979)




WA18-1

Estimation of Two Closely Spaced Frequencies Buried
in White Noise Using Linear Programming

Jaroslav Keybl and George Fichmann
Pepartment of Electrical Engineering
The City College of the City University of New York
New York, N. Y. 10031

ABSTRACT

Linear programming is used to estimate the spectrum of
two sinusoids signals closely-spaced in frequency buried in Adeep
white gaussian noise by employing a<priori knowledge of the
spectrum. The method will be illustrated by s number of
examples.

INTRODUCTICN

In the calculation of the spectrum of a discrete-time
signal consisting of two sinusoids with closely-spaced
frequencies embedded in white gaussian noise, problems arise
when only a small portion of the signal is available. This is
known as windowing of the data and becomes evident as "leakage"
in the spectral domain, i.e. energy in the main lobe of a
spectral response "leaks” into the sidelobes obscuring other
present spectral responses. There are many methods used to
estimate the spectrum. The periodogram [1l] performance is poor
for short data lengths. The Blackmen-Tukey method [?] is also
hampered by spectral distortion. The Burg method [2], a high
frequency-resolution techniquz, even in the absence of noise,
yields spectral line splitting. The recent algorithm of Cadzow
{4] outperforms the Burg method in a low noise environment.

In this paper, we estimate the spectrum of two
sinusoidal signals closely-spaced in frequency by employing
a-priori knowledge of the Fourier spectrum of the signal in the
form of linear inequalities. The advantage of imposing
constraints in spectral restoration process has been pointed out
[5). In the linear programming formulation, there are many
solutions. Here, we select a solution which minimizes the 1
norm of the Discrete Fourier transform(DFT) of the measured

» signal and its estimate.

DETERMINATION OF THE SPECTRUM

PUPE PR

We assume that the signal estimate s(k) can be
represented by a weighted sum of past signals

p
s(k) = =za(i)s(k - i) + e(k) k =1,2,.. ,m (1)
i=1
where a(i) are unknown wecighting coefficients and e(k) is an
error term. This expression is a linear predictor{6]. By taking

.
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the DFT of Eg.(1), we have
5(n) =-ga(l)exp[-j2nin/N}S(n) + E(n) 1<n¢ N (2)
i=1
where S(n) and E(n) are the DFT of s(k) an? e/2), renpe vively,
Because S(n) and E(n) are complex, and usite; iuler's formula, we

rewrite Eq.(2) as

SR(n) = - ;Zla(i)[SR(n)cos v + SI(n)sin v] + ER(n) (3a)
SI(n) = - iila(i)[sr(n)cos v ~=SR(n)sin v] + EI(n) (3b)

where v = 2min/N, We have 2N equations with p unknowns. When the
signal is real, we can reduce it to N equations with p unknowns.
Assuming that two sinusoidal signals are present, it can be
shown, the a(i) coefficients are the pole coefficients of the
z-transform of two sinusoidal signals. Therefore, p = 4 and the
range of the a(i)'s are

-4ca(l)e 4, -2¢ a(2)e 6, a(3) = a(l), a(4) = 1 (4)

Eq.(4) adds 6 more equations, to the N equation generated from
Eq.(3), for a total of N + § equations used in the linear
programming formulation. From Eq.(3)and (4), we can now Solve
for the a(i) coefficients by minimizing the 1] norm of the error
- E(n).

NUMERICAL RESULTS

To test this method we have used the time series

s(k) = Alcos(zﬂflk) + A cos(2nf?k +4 ) + wik) (S)

2
with 15}<£,§ and w(n) as white Gaussian noise with zero mean and
variance o0°. The two sinusoidal frequencies are normalized so
that £ = 0.5 corresponds to the Nyquist rate. The individual
sinysoidal signal-to-noise ratio's (SNR) is given by 20log (A_/
Y26 ) for k = 1,2, For all of our examples, we chose the signal
amplitudes A, = Y7, A, = /20 and the signal frequencies £, =
0.2168 and f. = 0.2243. In two examples we introduced a
forty-five dggree phase difference between the two sinusoids.

In Fig. 1. the variance of of the noise ¢2 = 0.94 and
M = 192. This corresponds to 0.54 db SNR on the wecaker signal
and an time-bandwidth product (TBP) of 1.5C. The spectrum
calculated using the periodogram shows random fluctuations and
it resolves both frequencies. Nur method yields peaks at
frequencies f, = (0.2168 and f, = 0.2265 which shows the ability
to resolve thé frequencies with a small error in such a low SNR
environment without fluctuation. It should be pointed out that
the reason both peaks are of equal amplitude is because we are
calculating the poles which make the function blow up. In Figq.
2, we introduce a forty-five degree phase shift between the

—
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sinusoids. Here the SNR is - 0,2Ah db. We see that there is no
line splitting as is often the case with other algorithms. The
peaks occur at £, = 0,2207 and f_ = 0,2265, again resolving the
frequencies in a " low SNR environment. Fig. 3 shows the estimated
results when the SNR is - 14.2 db. The freguencies f, = 0,2188
and f_ = 0,2305 yield good estimates for a very low éNR. In
Fig.4, we added a forty-five degree phase shift with a SNR - 15
db. We see that the periodogram is unable to resolve the two
frequencies but our method peaked at f, = 0.2188 and f, =
0.2324, Again we note that there is no"line splitting.“In the
next set of experiments,the TBP is reduced. In Fig.%, the SNR is
0 db and the TBP is 1.00. The periodogram shows peaks while our
method gives the frequency estimates f- = 0.21A8 and f, = (0,23CS
showing that we get good quality estim;tes even when tge number
of samples is reduced. Finally, in Fig.f, we plot the spectrum
for a SNR of - 14.5 db. The estimated frequencies are f, =
0.2168 and f., = 0.23A3. The larger frequency error can ge
attributed tg the very low SNR and the small TBP environment.

SUMMARY

We have shown a new method for determining the
spectrum of two sinusoidal signals closely-spaced in frequency,
where the weaker signal has a very low SNR. we show that the
method is not affected by spectral line splitting when the two
sinusoids have a phase difference of 45 degres. Computer
generated results of this method have been presented.
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A method of restoning the discrete Founer teanstorm COEFTY spectrnmm of o diteaction Tted (DEY image trom
The DL spedtral testoration pracess s the doal of
Appheations

A tarros obsersation sepment of the DU image 1= presented
the more common DE e restoration process sath the rofes of the trequency and space resersed
ol @ spectrum restoration i lade trcreasing: the el of siew ot eI maging systems and extrgenimyg precise (re
quencs compaonents of o barge D mage by using onds asmabl segment of the entire ingze. This method coald alo
be emploved for rnage data compressyons whichos onmterestm dgatal video applications. Several ditferences be
tween the implementations of the imze and the spectrume restoration progesses are desceribed
constramed to have an upper bound on the gumifier of frequencey components contamed m the Foarier spectonm
The bound is the number of samples acquired at the Nvquost rate tor the length ot the mmage. The magntade o
the DEV spectrumoas also hounded  These constramts detine a large nunrher o possthle solations
sebution s then selected such that the distanee, detimed wa function theoretie sense, between the measured amd

The estimae s

Fhe diarod
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the estimated imasies 1~ an opbhimuam

A nmber vt cuch micisures are myestipated

Numerncal experimients show

that thes approach viehds residts that are ighly ommune to meastirement poise

INTRODUCTION

The fimite aperture of any physical imaging system eliminates
the high-spatial-frequency components of the ubject trom
appearing in the image. The Tack of high frequencey detail
results ina loss of resolution in the observed tmage. 1t has
been shown that. for an obhject of finite extent, an exact res
toration of the object trom the dittraction-limited (DL image
is possible, The restoration of the DL, object can be viewed
as a continuation of the spatial Fourier spectrum beyond the
spatial-cutoff frequeney imposed by the DL syvstem. Nu-
merical methods of DL image restoration are highly unstable
in the presence of measurement nioise. 'Fhe restoration pro-
cess van he stabilized by imposing additional constraint<.”
Many restoration methods are available, such as those of
Frieden,? Schell, ! Biraud. ! Jansson, and Burg ™ Recently,
Howard® demonstrated a computationally  inexpensive
method using a least-squares approach,  This approach was
further elaborated on by Rushiorth et al® A new method of
obtaining an tnerease of image resolution using linear pro
gramming techniques was recently given by Mammone and
Eichimann.”

In this paper, the dual of the DL image-restoration problem
is considered. Here the extrapolation of a linite segment of
the DEL (e spatial bandlinnited D ionage datain the presence
of measurement notse is presented. The restaration of the
discrete Fourier transform (DF'1) spectrum may be mter:
preted as an extrapelation of the truncated spatial image,
Apphications of spectram restoration include iereasing the
field of view ol existing imaging syvstems and extracting exinl
frequency components of a large DL image when onde o
smaller image sepgment of the entire ymage s avanlable. This
reduction would be alsa ol mterest mimage data compresaon
applications, suchas the transmission of disatal video imag e
Although spectral restoration vields the <aome mathematw

Reprinted trom Journal of the Optical Society of America, Vil
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formulation as that obtained for D1, image restoration, with
the role of space and spatial frequency reversed, there are
stgniticant differences as well, Here the unknownsare Fou-
rier cocfficients, which are complex numbers This fact ap
peirs to double the numerical complexsty of the problem.
Also, the cireulant convolutionaf operator that results trom
approxumating the exact Fourjer transtorm with a DFT
spectrum leads to additional considerations Finallv, ab.
though the restored DL object is nonnegative, the restored
DEFT spectram need not be real or nonnegative. Thus the
powerful nonnegadivity constraint used i the DL image res.
toration cannot he directly used.

T'he motivation of this research is to provide hich resolution
frequeney estimates of data avalable only on animcomypl
observation length by using the computationally ettiuooog
fast-Fourier-transform afgonthms. Tosimphty the discus
ston, one-dunensional images are considered. For g DI,
thand limited) image truncated to e within an mterval 8, the
spatial frequency resolution is imited by the uneertainty
principle. The Lack of spectral resolution i~ related to the
mbinite hmits of integration in the dehinition of the Fourner
transtform. Since the mmage s avadable over a timite obser
virion length, the caleulated Fourter translorm s distorted,
It is convalved with w s function with mam fohe width 1
For the case of two didterent sinvsordal images, the uneer
tamty prineiple states that the ditterence i the trequency
sotherwise thore
will he asigmticant overlap of the transtorms. Thicoverlap
woudd not permtt the two separate fesponses to be distin
guishable

between the nmages cannat be less than

Thus the frequency sesolution s lonited to
{2 N, 0

In many practieal situations, the mage is not avabable for an
wterval of suttrcent deneth S or the desired trequency res
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olution 1),. Ttis then desirable (o process the spectram ot the
ohserved <tgnal such that the spectral resolution i sreater
than that given by formula 1), It Chere is no source of mea
surement error, it is well known! that the spectrum can he
exactlv restored. However, there s alwavs noise and orerror
present because of the finite numencal precision necessary
to carry out the computation, if for no other reison. There
fore notse or measureent error must be considered as part
of the tormufation of the problem. In this case. the restora
tion process becomes highly unstable,

[t has been found” that the imposition ol a priorg con
straints, such as nonpnegativity of the estunate, will stahihze
the restoration process. Sinee the maxonaem aumber of in
dependent equations that can be generated is equal to the
number of spatial samples r vequired at the Nyeust rate, we
shall restrict the spectrum restoration method to situations
inwhich the number of frequency companentsis less than or
equal toro This it on the dimension of the estimate has
been obtained in several ather studies " 'Y Further, the si-
nusardal trequency components will be assumed to be har
monics of the same fundamental frequency. The latter as-
sumption is not necessary but s made to facilitate the use of
the fast-Fourier-teanstorm (FF'FY approximation of the
Fourier spectrunt. The periodic frequency spectrum is oh-
tained by sero-padding the truncated space sequence such
that the total number of elements is L an integer that s a
power of 2. This step allows a finer frequeney seale to be
generiated.

The optimal data fitting emplovs linear programming (LP)
techniques. The LP method provides both cost and time-
etfective wavs of splechimg the optimal rauple estimate. LP
methods have been used previously tor the general image-
restoration problem. ™ 1Y The advantaze of using the 1P
techniques tor the unstable DL tmage restoration problem
has also been addressed.”  In this paper we demonstrate the
advantage of this approach lor the rank - deticient specetram-
restaration problem. Siee the rapk, the number of inde-
pendent cquations, is less then the number of unknowns,
nrany solutions exist. The deficieney of the rank occurs be
cause of the DFT low-pass tilter etfect that eliminates all hut
rdiscrete frequeney components. This effect is in contrast
to the incar diserete-convolution case.” which vields a system
of equations that has a tull rank. However, because the ad-
Jacent equations are almost identical, when a tinite arithmetic
machine representation is used, the system of equations is il
posed, e, nearly rank deficient.

FORMULATION

For the following discussion, it will be helpful to define neg-
ative spatial and frequency samples. The biest (172 4 1 el-
ements of the sequence [, or Fi correspond to the positive
spatial or frequency samples, respectively, in ascending order,
and the remaming (172 = 1) elements carrespond Lo the
negative spatial or frequency samples, respectively, in de-
scending order. This is consistent with the ideaof extending
the sequencesin a periodic manner, The spatial truncation
operation, the model for a short-observation segment, is
characterized by multiplication of the spatial sequence by the
unit rectangle sequence R, where ris the number ot adjcent
unity elements centered about the zero element and with all
other elements are equal to zero. The DFT of the rectangle

1 A immone and G Fachmann

sequence i~ real and even, since 1 as real and evensand s
<tmnlar toa camptod s fancton Let the column vector b

be detined as avector whose elements are
i DIl R (2)

We dhall nse the Grovlant eomvolution theorem! (o examine
the relationstirp between the troncated and the exact se-
grenves. The aronlant convalation matrix tor the diserete
spatial truncation operator Boas given by the cirrealant ma-
trx

o Iy b hy oy
hy o I iy Iy .

n=|: : : R
hy hah, i,

and therefore
G=HF+ N, 4)

where 6 and Fare the D15 of the measored and the actual
sequence vectors, respectively, and N s the complex error
(moise) veetor. 1tis well known!'™ that the eigenvalues of a
crrealant matrix Hoare the cocfticients of the DFT of the first
row of the circulant matrix and the cigenvectors are the DFT
hasis vectors. Theretare the rank, which is equivalent to the
number of nonzero ergenvalues, of s equal to the number
of nonzero elements rinthe rectungle sequence I Since the
vectors G, Foand N oare complex, Eg oh represents 2/, real
scalar equations. But all the spatial sequences are real, and
therefore the DFT sequences must have symuetry. ‘The
svmmetry (0 tura intredaces redundancies inta g 0450 The
elimination of this redundancy reduces the 20 to L oreal
equations.  ITnorder to obtain these L equations we must ex-
amine some properties of the DET

Similir to the properties of the Fourier transform, the DET
of areal sequence possesses an even real and an odd imaginary
part. Since we wish to use the computationally etficient radix
two-FFT algorithm, the sequences must consist of an even
number of points. The existing symmetry can be displaved
in the following way. ‘There is one element for the de, the
rerath component and (172 — D) pegative as well as positive
elements, and one remaining, the L. 2 element. This can he
seen by noticing that the L22th row of the DFT matrix is a
sequence of alternating positive and negative unities. Thus
the center amd the de frequency components are alwavs real.
The remaining (1. ~ 2) elements consist of comples conjugate
pairs between the first and the last elements and the second
and the second to-last elements, and so on, There are of, 2
F hydistined realand 1152 = Yoimaginary elements. We torm
the concatenated sequence of the distinet elements. Let the
real and the imaginary parts of the tth element be denoted by
the subscripts K and [1, respectively;
then

G =W G G osenn G e Gpd?y

o=t Fio o B o Frgosones oo Fdf

N =INgo N N oo N oo Nl (5

where the superseript T stands for the transpose operation.
The relation Fq. (0 can now be written in reduced lorm

G=NF+N, ()

32)
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where, if we decompose the degradation matrix, then

A !B
;
H=|=q=--y=-2--}]. (7)
|} { 1
' ] 1
[ ! ¢ :[) : §]

where Adsa (L2 + DN L2+ DB isatl 2+ hx L2 -
DL Cand Dare ol 2 = 1 xf 2 = brsabunatriees of Hand
e, and poare unused column vectors. 1 we denote the nutl
vector and matric by 0 and O, respectively, and detine

B = 0Bk, (8
C = oy, (491
D = ouly’y, (1
where the superscript /£ denotes reverse order, then
AR Lo
1
fi=|--1--t--y. an
'
' N -
0/D-C

Thus Eq. (6) represents L real equations in the 20 variables
Fand N Here T denotes the space truncation operator in
the DFT domain. This underdetermined system ol cquations
has many solutions. For example, the pseudo imverse solution
might be used' although this would produce an uncon-
stratned estimate. In order that we may be able to impose
contraints on and simultancousty choose an optimal <olution,
that is, one that is close i some sense to the measured image,
we use o method of optimization known as bnear pro-
gramming.

CONSTRAINED OPTIMAL SOLUTIONS

The basic linear-programming (LP) problem is formulated
i the followinyg way!™:

Minimize the cost function clx
Subject to A b,
Xz, 112\

where ¢ and x are the known cost and unknown A -dimen-
stonad vanable vectors, respectively, b s an e dimensional
constramt vector, and N s an e X M constraint matrix. The
most often used L techinque s the sing - method VY The
autput obtamed trom asimplex LE algorionn will correspond
to one of the tollowing three situations: There is no feasible
soltttion, that s il the constramts nnot simultaneously he
satistied. or the optunal solution s leasible hut is ibounded;
the third possibiliny as that the solution s teasible and
bounded, wnd then an optimal solution s provided.

The hiest stepan the simplex method s to convert the in-
equalits comstramts it equaltties. Plus stepos acenmplished
by mtroducmy additiomal varables, called slack vanables,
The resultmg system of equations will linve more unknowns
than cgnatns, beadog o an anderdetermmed system ot
equations. From the many possihle solutions the stimplex
method sechs o <olution that mimmizes the cost tunction.
The hasie prennse of P s that the solution vector v owill
consist ot at most rononzero elements, where roequals the
number of independent cquations and the remamng M - r
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clements will be equal ta zero. Ina vector-space interpreta-
tion of 1P the inequabities define intersecting hyperplanes,
which torm aregion of possible solutions. This region is an
r dunensional polygon or sumplex. The simpfex will always
hie 1 the postive octant of the vector space, The cost functinn
also detines a hyperplane fora fised-cost vilue. For this value
to be minimum, the cost-function hyperplane must lic on an
edge of the simplex. The coordinates of cach edge contain at
miost ronmbers. The simplex method is an sterative tech
nigque, wWhich begins with o teasible salution at an arbitrary
edpe of the simplex and progresses to an adscent edge insuch
awayas o ywedd o reduction i the cost vidue until notarther
teduction s possthle. The coordinates of the resalting edge
viclds the optimat solution,

Ina LE tormulation of the spectral-estimation problem, we
now take Fag. (61 1o be part of the constraint matrix. To
vaarantee that all the vanables are nonnegative, u necessary
requirement in L, we next define the vectors in Fqg. 6) in
terms of thee nonnegative component vectors £, F N and

N such that

F=Fy=f- (3
and
N=N'-N- (4

If we examine the sum
NN =1 G- R, (15)

we observe that Eg. (150 is the [ norm of the error between
the spectrum of the measured snal G and the spectrum of
the spatiadls trancated gnage estimate £ P s the error
measure to be minimized  Thus the L formoladion of the
[y spectral extimation prohlem s

Minimize N* + N-
Subjectto G =N (M = F)4+ N0~ 8-,
Fos s,

Fosbae. PO NS NS =00 a8

The Iy norm is not the only measure of error that can be
minimized. The [, norme o maximal deviation, can also be
emploved. “Fhis can be seen by detining a scalar £ to be the
absolute value of the maximum element of the error vector
given by Fq o1h Thus the LP tarmadation of the d,,, sprec-
tral-estimation problem is

Minimize K

Subjectto G = TR = F oy + Fe,.
GO = F oy =L,
PSR

Fos P, FOR-E 20, (amn

where e, is an L-dimensional unit vector.,

che fonarm, or the sum ot the squares of the error, can also
be minimized by using a tormulation stmilar to that of the 1,
norm.  Here quadratic programmning. methods are used.
Quadrati programming techniques provide an estinnate with
AU most r positive elements, with all other elements as zero.
In general, quadratic-programming techmgues use compu
tationalfy efticient LEP methods but on larger angmented
matrices. These methods are well known, and many pub
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lished computer routines are avatlable. There s usually
more than ope least-squares estimate to an undetermined
svstem of equations such as Fg. (4. For exaanple, the
pseudo inverse solution!™ provides an unconstrimed least

squares estimate with the lowest{ norm as well us the man-
mum-squares error. Howard? has demonsirated a4 cons
strained leastsquares approach tor the dual problem neor

porating a penaliy function to force the solution to hecone
nonnegative. Rushiorth of al * developed thus approach tor
an il posed DL gnage - restoration proble,

The estimates obtained by optimizing the 1o Loand
nerms are maximum-likelithood estimates when the noise 1+
modeled as a random variable with uniform, Ganssian, or
exponential probahility density tunctions (pdt'si, respec
tively. ™ Tt was found, however, that tor the low noise situa-
tion of interest, the pdf of the noise did not appreciably aftect
the estimates.  In terms of increased frequencey resolution, the

{1 norm consistentlyv offered the best estimate, irrespeetive of

the noise pdf. This fact can be attributed to the relatively
fewer numerical operations needed as well as to the strongest
bounds on the individual spectral components for the /) ese
tumate.  The constrained minimad /- norm using gquadratic-
programming techniques requires many more numerical op-
erations.  Also, optimizing the {2 norm i~ equivalent to mini-
mizing the total noise spectral energy. Whereas thisis ade-
sirable feature in general, for the purpose of increased fre-
guency resolution it tends to be counterproductive. The
minimization of the global spectral-error noise-encergy dis-
tribution tends overly to smooth the estimate, leading to a
decrease in frequency resolution.

NUMERICAL RESULTS

The observed spectrum is a smoothed version of the desired
spectram.  Figure 1 illustrates the inadequacy of simply
taking the FFT of a truncated sequence. Hereoas wellas in
all subsequent figures, the magnitude of the Fourier spectrum
is plotted. The dotted line represepts a 32-point FF'T of 23
samples of a costey XV sequence, where s the fundamental
frequency 2x/32. Here only seven data samples have been
replaced by zeros. The solid line illustrates the exact spee-
trum of the full 32-sample sequence. The lack of resolution
conceals the fact that only the fundamental frequeney s
present. The size of the FIT as well as the number of samples
acquired is known a priort. Thisinformation together with
the bounds on the amplitude spectrum, is used to estimate the

T N 2 PO VA S

Fig 1 The 32 pomt FET of 28 sample pornts ot costng v tdotted
dashed curve) and the exact DFT spectrum tsolud Lined

1 Ao aod G Fatanann

/ N
/ i\
N
RN
e ~ .
~ P
i The se-toration of the D] o com oo tropn e 20 ot

FET of T<patial domenn sanspie poants vdoried dasbed canverand
the estunated spectrum sohd e

Fre 4 Extrapolation o eoscn s von the spatial dona rd ashed Tine
curvet from 7 sample points (solid linet

actual spectrum. Figure 2 illustrates the performance of the
[y norm when only 7 of the 32 samples of the fundamental
cosinusord are available. The dotted line curve represents
the overly smooth estimate of the direct FET spectrum - The
minimal [ estimate, the dotted line, is close to the oranal
spectram.  The dotted line curve hes cianpletely on the
solid-ine carve. Thas a complete restariation s possible even
when only 7 of 32 samples are available. Figure R itusr o«
the extrapolated space domain sequence correspondim to Py
20 The acquired samples are ilusteatad by the solid hne
segment and the extrapolated curve by the dashed hine
curve.

The method stands up quite robusty toameasturement noise,
Figure 4 illnstrates the restoration of the fundamental co
sintsoidal wavelorm from Uy samples o a 32 pot FET wath
white Gaussian noise added. The vanance of the nose is one
tenth of the amphitude of the tunction. Thus anancrease of
the order of atactor of 2in resofution s obhtiuned exen in the
presence of simificant measurement noise. The corre-
spondimy spatialestrapolation s depicted m Fre b Here the
moomplete observation s shown by the dotted Tine carve,
The extrapolated wavetorm tthe cham dotted carved follows
the exact curve (solid ine) closely. In many applications it

4)
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Fig b Bestoratnom boosie s v it m U patia sanphe poants odor

ted dasbed v st a nte Gaussan e e The oo v aniane s
Ul The restored spostruni s depicted by asobad e

Fig o Entrapodation of cosvny o) cchain dotied carver i the spats il
detain corresponding to freguensy doman phor ot Fioo b T
dottod dashed corve adicates the mcemplete obervatm wethy
Hieasurerent error The extrapeiated cunve vcbonn detted hino
follows U actual wavetorm esolid hine curver Closely

~

P - < .- N

Fig 6 Restoration ol costi g o 4 oot b sz a 32 pomt FET
froms TE ~patial domam sanple pomts Phe DETT s depu ted by o
dotted dashed carvesand the restorcd wavetormn s shown by sohid
curse

Vo S0 NG R A asU 2 Ot N A w9y

1 destred toresobve B freguency conponents spaced dose
Logetter Foure o demonstrates the perdornatice of the [,
ot thas case o Hepe the it and the tn barmomes are
satpled with T ot the possable 82 somples The directap
plication of the FE prosades the blatred ~pectranendicated
ba the chnn dotted curve The estinated Founer spectrum
1~ tepresented by the sobied e g, tie estinaate toliows the
et spectrun so osery that the conves are mdistinguish-

abie

SUMMARY AND CONCLUSIONS

Anew et b ol extrapedating a D onae from g measured

apestadiy Uoneated e o presended. The method darectly

addite s e o o thie finate degree of freedom of the DL
Jinaze D he teasibie tnage estiniates are constrated to have
att upper boged ons the nnhier of fregueney components
Compris g U e A seotnetnic approach his been taken,
il i~ Vil tons errof tneasbres were chtinized subject to given
conistraint~ Thie error nonms were dis assed the £y, (e and
Uonernes s neethod pernat s the addition of other hinear
conetnants an the desred anages Vhat s, ans anequality
prossee st e combanatieon of the upknewn samples on
et ~ide ot meguality aretascadar salue on the ather side
Canaio beadded. e incbasion of censtraimits of this type
iras been found to ~tabstize the otherwise unstable problem.
Nucriod resubis demonstiate the marease inresolution as
Wbl s 1ts strense bt measutennent noise. Interms of
feselibion the £ norm was fornd Togive consistently the best

spectral esinmates
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Two-dimensional optical filtering of 1-D signals

G. Eichmann and B. Z. Dong

Une donei~onal agznals have compin mentary attedmtos thor space and spatoad tregeaones propueties. e

centhy s another sgnal representate o wasanteedaced i optos the Wegner distndbintion W Ty tunction,

whichaliows the simaattineous dispiay ot the twoattobutes ot a1 Dol

tatton ot agenendized spoce spatnd treqacney GESE tanetion s disciassed

In this paper epticat aiplemen
Specid Cases of the GSF repre

~entations are the WH the radar aedopoty fonchon AL the energy distobntion tunetion, the varnous

pecide WH tanchons the spectrogn v, the Jocab requency and the locd Dopplee trequenay spectrum The

GSE representation allows the sapnit meous Biltenmyg of both the spatoat and the spatal tregueney content

ot T sl

The 2 Dondeerme ot T D sgmal abiow s aidelobe reduction ot the WHand AF o gquasi peri

odic T D sl disphay of the instantaneons spatiad frequenoy content af a1 D s, space spatial fre-

guenoy excston of adesired portien cfa T D Gpnal as well as the usaal matched titer detection

Fxpen

mental resalts using voberent space integrating technigues tor the realization of dfterent GSFE are pre-

sented

I. Introduction

In the area of opties dealing with the optical pro-
cessing of 1-D signals such as speech, radar, sonar, or
general communication signals, the 2-D nature of the
aptical system has been viewed primarily as the means
for providing the potential for greatly increased infor-
mation throughput.! ' Thomas! has shown, for ex-
ample, how a coherent optical svstem with a large
space bandwidth product in one dimension can be used
to perform spectrum analysis of a 1-D signal with a
time -handwidth product of the order of a million.
More recently, a large number of space-variant coherent
optical processing operations, performed ona 1-D sig-
nal, have been added to the repertoire, such as fre-
quency-variant spectral filtering. variable spatial
magnifications, and geometrical distortions, ™ gs well
as various 1-D signal transforsm such as Mellin, "5 Abel %
and Laplace.  An exeellent tutorial on space-variant
coherent optical processing is given by Walkup?

Coherent optical processors can also be used 1o
evaluate attributes of two identical or difterent 1D
signals such as convolution or correlation between the
two signals. A particular signal representation, the

The authors 2re with City College of the City University of New
York, Department of Electrical Bngineering, New York, New York
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socalted radar ambiguity tunction (AF)? ¥ gees the
whole output plane of a coherent Fourier processing
svstem. Here one anis represents a time delay, the
range intormation, while the other axis represents the
Doppler frequency shift, ameasure of the target motion,
Anuther interpretation of the information displaved on
the two axes is that one axis represents the correlation
while the other axis represents the energy or power
spectrum of the 1D signal, Recently, another signal
representation was introduced in optics, the Wigner
distribution tunction ¢(WHL 2 Phe WD of a single
1-D signal represents the spatial variable on one axis
and the enerey or power spectrum on the other axis.
Another interpretation of the WD which is similar to
the AF, s that the displaved information represents
convolution on one axis and the encrgy orF power spece-
trum on the other axis, The two signal representations
are not independent. In fact, beth the AF and the WD
are special cases of a general elass of representations of
a D signal” In bath cases the 1D signal is repre-
sented ina 2. D space. The two independent coordi-
nates represent important physical information about
the 1-D signal.

The two spatial axes, coherent Fourier optica! im-
plementations of the AF display and their modification,
lead easily to 2-D spatial filtering of 1-D signals. The
purpose of this paper is tvexplore various 2.1 optical
filtering schemes tor 100 agnals. Sach signals have
applications o svstem madeling, handwidth compres-
sion of speech or video signals as well as in the general
understandimg of the fundamental imitation for
time-frequency representations.,

e




Il.  Formulation

The starting point for 2-D filtering of 1.1 signals is
the generalized space frequency (GSE) representation
of 1-D signals introduced by Cohen 16 This signal class
is defined by the triple integral

Cloen )y =1n ‘ ‘ ‘ explricy = s =t

» e gtz hdud ds th
where

Rlv,a) = fte #2250 M = 200, (W]

where f(x) is the 1.1 signal, the * represents complex

conjugate, and H(e.2) is an arbitrary kernel lunction,
Particular kernel functions lead to ditferent space
frequency representations of ftv), T'wo of the most
important GSE representations of the 1-D signal are the
AF and the W

The AF is defined as

Ao = I expi—rcieieoide (8%

An alternate representation of the AF can be expressed
in terms of the Fourier transform of fix):

Fruy = ’ expt—rcuifinda (BN

The AF can now be expressed in terms of the Fourier
spectra as

.
Alw2)y =" ’ expln 2 1G e du i

where
Glen ) = Fue + e/ ue = 002, 16)
The WD, another GSF representation, is defined as

Wixny = ‘ expl =gtz de (R}
Jo-

Similar to the AF, the WD can be tound from the Fou-
rier spectra as

Wir ) = J explreOG e e vde (s

The two representations are not independent.  In fact
the A" and the WD) are related by a scaled 2-1) Fourier
transform:

Ale2) = Y j ‘ exp{—jlre — ) W idvde (o

The WD of a 1-D signal can be interpreted as the dis-
tribution of signal energy over space and spatial fre-
quency. Thusa2-DYdisplay of the WD represents the
energy content of the waveform localized in space and
spatial frequency.  However, this interpretation is not
always true since there are cases where the WD is not
positive, One of the most important properties of the
WD is that a shitt in either space or spatial frequency
of the 1-D signal leads to a propartional shift in the
corresponding WD, This is not true for the AF where
such shifts lead to an additional phase factor)? In fact,

the magnitude of the AF is completely insensitive ta
shifts i space or spatiad trequeney. Detailed propertios
of both the AF and WD can be found in the itera
ture,! 1%

Both the AF and the WD are special cases of the GSF
distribution C. Intact, the GSEFfunction O can be ex-
pressed either in terms of the AF as

ClogpcHy =" n "" .."P"” = s s G ade s ol
or interms of the WD as
Civae My =1 a ‘." .‘hl. — s = oW deadi 1)
where

vl = r H explricy = w ol o ardods a2

s ascaled 2 D Fourter transform of the kernel function
H. The kerned tunction ity ae) represents a 2-1 im-
pulse response filter acting on the space-frequency de-
pendent WH. Since the WD and the AF are related by
2.0 Fourier transformation, the kernel tunction ff acts
as a 2-D filter on the AV

An all-pass filtering function

Hee sy =1 (AR}
transforms the GSF function Cinto the WL Anim-
pulsive kernel function

M2y = 20dty = 20 =) [EY
transforms the GSE function € into the AF. Other

titter functions have appeared in the literature.  For
example, the all pass filter

Hioov=explt oo (15)

transforms the GSE distribution C into an energy dis-
tribution function. This filter function was first pro-
posed by Ribacoek '™ The energy distribution function
has properties similar to the WD, Another filter
function is a Gaussian kernel

iy =expl= a4 20 b0 (16)

This funetion has been suggested by deBruijn™ as an
aid in the interpretation of the WD, a non-negative
energy distribution. Tt can be shown that, by choosing
the parameters g and b i a particular way, the modified
WD will abwirvs be real and non-negative. Further, this
type of GSEF distribution is then consistent with
Heisenberg's uncertainty principle.

. Two-Dimensional Fillering of 1-D Signals

The GSE distribution can he interpreted therefore
either as a generalized WD (GWID) or as a generalized
AFAGAYT)Y. While the present discussion will deal with
the GWD, without any loss of generality it can be car-
ricd over to a discussion of the GAF. Particular fil-
tering of the 1D signal f(e) leads to a new signal k().
The WD of the new signal is related to the WD of f(x)
through a linear 2-D filter, This GSEF filter is the WD
of the 1-D filter function,

1 September 1982 / Vol 21,No 17 / APPLIED OPTICS 3153
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For example, the 1-D linear space-invariant filtering
of f{uvh s represented as

Kooy = fea*lin = l Joone - vk, (R0}

where [ is the spatial impulse response. The W ot
the Hhered signal koudis

= Wolvy = j Wons oWt = v aidy, (15}

YN

where Wiis the WD of the filter tunction. Comparing
Faq. ¢ 11 with the present equation we note that the new
WH s the GsSE The new WD mayv also be considered
as a generalization of the WH ot f(x). Filtering the
signal in the space domain also feads o Nhering of the
WD i the space domain.

Multiplication of the signal flx) in the space do-
main

ki) = fuabmia (g3}
leads to GWD:

Wilvw) =tur J Wotnu bW tv e = vidy (20

This equation represents 1-D filtering of the W in the
spatial trequency domain, Here again W, is the WD
of the multiplication function mx), This is another
GWD of the signal f(x).

Another type of tiltering can be obtained by weighing
the signal with a sliding window tunction

Jray = flxdmiy = y) 2N

The GWD of the signal k(x) 1s

W)=t j ’ W OW, o0~ v ~ tde (22
If we consider values of the GWD only on the ¥ = y axis,
we obtain a new version GWI) called a pseudo-WDH.
There are other tilter operations that can be pertormed
on either f{x) or on Fae) that will lead to GWD. By
defining the filtering operations on the 2-1 Fourier
transformed W1, a GAF canilso be tound. Depending
on the type of intormation needed, space-spatial {re-
quency or space- spatial frequeney delavs, either GWD
or GAE can be generated.

Another 2-D displav of a 1-D signal is the short-space
Fourier transtorm (SF'1).20 This transform is given
as

(e = J expl=jua ikt dy, (R}

where £ (x, ) is the expression given by Fq. (21). The
spectrogram S{x e b is obtained by taking the square of
the magnitude of the SFT for all possible window po-
sitions:

Stear) = [(ueao)” 124

However, the spectrogram can also e expressed as

Stvary = Yo ’ ‘ Wty i, v = v = wdvde 1)
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g 1o Basiccaherent opticat arrangement to generate the AV and

the modified WH baplane 220 two b D sieial mashs are placed nest

toeachoothior with the masks turned 999 apart The mosk assembly

by rotated 307 relative to the Tens svimetey axas. In plane Py the

protade of the taditied WH s generated, wlde i plane 25 the
tapiitude ol the AF wopenerated.

Therefore, the spectrogram is also a member of the GSF,
In this case, a fully 2-1) fllter smooths the WD of the
signal fix).

IV. Optical Realizations of 2-D Filtering of 1-D
Signals

A starting point for the optical realizations of the 2.1
tiltering of 1-D signals is the large number of optical
realizations for the A¥F. 'There are coherent space-
integrating,'"™ coherent time-integrating,?? incoherent
thne-integrating,” coherent hybrid (time and space
integrating),”! coherent joint Fourier transtorm ho-
lography,® as well as other methods® * available to
optically display the AF. While all the above imple-
mentations can be moditied to be used as a starting
point for the 2-D filtering of 1-D signals, here we discuss
some experitmental space-integrating coherent optical
implementations of these filtering operations.

The basic coherent optical realization of the Wh is
shown in Fig. 1. The field in plane 17} is

siua = by e Ay T - ) 126)

In plane P’,, we have

G = H gl Y exppk/2fixx
X exp{=sk/2fty — ¥ dedy, (27)

where & s the wave number and £ is the focal length of
the evlindricallens. Due to the evlindrical leng, we have
a Fourier transtform in the v direction and a Fresnel
kernel transtorm in the other direction. The above
integral can be expressed as

Gl = Wiovonadte ~ ey expl=sl2fty ~ v jdody
. i
(28)

In plane 17, atiltered version of the WD is generated.
Using a spherical Tens, the convolution operation can
bhe mapped intaa product of Fourler transtorms. ‘Fhus
i plane 7 we have the AF multiplicd by o quadratic
phase factor. The magnitude of the product s the
magnitude of the A The phase tactor can he elimi-
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nated using appropriate lenses”  Figare 2shows
the magnitude of the titered WD, filtered by a
Fresnel kernel, and the magnitude of the AF of
five difterent spatial {requencies. Both the fil-
tered WD and its A7 how a large number of
sidelobes  characteristic of prating patterns.
a Figure 3 shows the optical implementation of a
third representation ol the 1-1 signal, the Ribae-
zek or energy distribution. Here the 1-D Fourier
transform of the signal is used to illuminate the
original 1-1) signal mask turned 90°. The first
b
b
Fig. 2. Outputs, in planes Py and Py of Fiyzo 1, of a 1D mask con-
taining five different spatial frequencies are yiven:  (a) amplitude of c
the modified WD, (b) amplitude of the AF.
P, J P,
! Py
0 £ ¢ (5 )|
S 0|
| f | _ d
Fig. 6 Resubts ot vertical <hit tillte ng of the input masksan plane
PLof Fig 1t and (h recults of this filterig ana {1 mask con-
b—t — +A 1~ g1 ___+__~ ty— [ S |__,{ taining two spatial frequenciess ferand b resalts of this Hiltering on
! ' ! ! ! ‘ ! a 1-D mask contamng bye spatia frequencies with and without de
Fig. 3. Coherent optical implementation for the generation of the spectral components,
energy or Rihaczek distribution. The 1-D spatial Fourier spectrum
illuminates the 1-1) signal mask turned 90°. The two spherical lenses
imuge the energy distribution,
Fig. 4. Energy distribution of a 1-1) mask con- a
taining five different apatial frequencies.
R P Py
| | ! |
| ﬁ; @ ]
P e f, e fy— ke {,——4 b b
(Left) Fig. 6. Cobherent optical implementation of the SFI. Here the running window function weighs the complex 1D Fourier spectra
of the signal. {Middle) Fig. 7. (a) Spectrogram of the double-sided frequency ramp. Because of the impulsive nature of the (dtening this
spectrogram is termed local spectra. () Local Doppler spectra of the double-sided frequency ramp  (Right) Fig. 8. (a) Localspectra. (b)
Local Doppler spectra of a 1-1) mask containing five different spatial frequencies.
1 September 1982 / Vol. 21, No. 17 / APPLIED OPTICS 3155
o e————




input is a phase mask.  The transilluminated mask is
in turn imaged using two spherical lenses to plane P,
In plane £2; the magnitude of the energy distribution is
recorded. Figure 4 shows the energy distribution ot a
signal with five ditferent spatiaf frequencies,

There are a number of coherent optical filtering op-
erations that can be pertormed on the 1 Dsignal. For
exatiple, using the same arrangement as in Fig. 1, with
the exception of placing a vertical slit on the two masks
in the input plane, another type of tiltering operation
can be realized.  Figure 5 shows the results of this il-
tering operation on two and five spatial requencies,
with and without de tiltering wn the WD plane. "The
results depict the magnitude of the moditied WD, The
moditication is the additional Fresnel tiltering due to
the evlindrical lens.  Note the much reduced effect of
the sidelobes,

Figure 6 depicts the coherent optical implementation
of the SF'U. There are 2 number of window tunctions
discussed i the literature®  Inour experiment we used
a uniform gate, approximated by a 45° slit, as the win-
dow function.  The running tilter can also be placed in
the Fourier plane to affect the SE'I. Placing the run-
ning filter in the Fourier optical plane of the 1-1) signal
may be advantageous if we wish to realize a real-time
avoustooptic (AQV implementation of the SFT. Nince
there are physical limitations on the size of the active
area that the present AO transducers will support, the
45° slit will degrade the performance of the ST
Placing the slitin the Fourier plune removes some of the
burden on the AO modulator. The magnitude square
of the SITF is the spectrogram. - By placing a square-law
device in the SFT plane, such as photographie film or
a gamma-corrected video cimera, the spectrogram of
the 1-D signal is generated. Figure Tl shows the
spectrogram of a double-sided frequencey ramp. The
spectrogram with an impulsive running filter function
has been termed as the local speetrat of the 1-D signal,
1t is possible to generate space delay and spatial fre-
quency delay spectrograms by magnitude squaring the
2-D Fourter transform of the SF'T. Figure 7(bY shows
the delay spectrogram of the double-sided frequency
ramp.  For an impulsive running filter function this
spectra may be termed as the local Doppler spectra.
The local Doppler spectra does not have the many
sidelobes characteristic of the global Doppler spectrum.
Figure 8 shows the local frequency and the loeal Doppler
frequencey spectra of five different spatial frequency
quasi-periodic signals. Note the excellent frequency
resolution of both local spectra.

V. Summary and Conclusions

A new signal representation has been introduced that
allows the simultaneous space and spatial frequency
filtering of 1-D =i aals. The new representation, de-
pending on the particular filter function, can represent
the WD, the AF, various filtered WD and quasi-WD
functions as well as ditferent spectral representations
such as the spectrogram, the local spectra, and the local
Doppler spectra. Using the 2-D nature of optical signal

3156 APPLIED OPTICS / Vol. 21, No. 17 / t September 1982

processors all the above GSEF can be displayed as well
as manipuliated. Experimental results, using cohierent
space-integrating optical processors, have been pre-
sented. Other types of optical processor cian alxo be
waditied to display the GSF. These processors will tind
applications where the real-time display of time-fre-
queney information is of interest.

This work was supported in part under a grant from
the Air Force Office of Scientific Rescarch AFOSR
RE-0169 and a contract from the Rame Atr Development
Center FIUG25-80.C-0045,
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Raundan TIMA Access Protocol with Apg Lication to Malty Dean Satellites

M. Kawai

Nijgon T & T Co.
Kanagawa-ken 2 3g-03
Japan

ABSTRACT

In this wyper, we
protocol for satellite
based on obtaining the
tribution.  The average jacket victe g de lay an
the user's butfer 1s obtasned. A foditboed tanoon
T s suggestad to g rove the jorthornance. o
pluentation of the scheime 1l malti-gpot e sate-
1lites as presented and the delay on toard the
satellite 15 obtained.

Lo IO

whalyee a tandan TR aceess
clannels. fthe analysis as
pite and l‘\l:»‘,’ ot 1ond -

In packet switchad satellite aammunications
systoms, various multiaccess schanes have lboeen
proposad in order to accounplish floexable connecti-
vity and efficient shate of satellite channels.
These channel utilization protaools may e parti-
tionad into three main categories.  he first as
the conventional protocols, such as trequency
division nultiplexing access FIp, and tine divi-
sion nultaiple access, TIMA.  These ate ottective
for heavy traffic, but with a bursty nature, such
a fixad allocation of channel capacaty 1s extrome-
ly wasteful. For such a sitwrtion, randm access
schams, like the AOHA protocol, the Um schesee,
and the Collision Resolution Algotithaes (Trews Al-
gorithim), are introducad. The third category s
the dynamic assignment protocols.  these include
the polling and reservation schomes,

In this pujor we analyze a pandus TIMA mmil-
tiple access protocol.  The analysis 1s lasad on
obtaining the busy and 1dle periad distolations
similar to the approach used an (1AM 78] an the
analysis of 1MA.  The nexdifrod pandom TEA 1S
then proposad as an aprovenent (o the rand an
TMA. Other randomized TTMA protaolys can be
fourkl, for example in (KIED 78) and {[EPHR 80].
Inplementation of the schonme for multi-spot boam
satellites is considerad,

A prumiry concern in satellrte coumminrcations
{8 to cover a wide area with a high g spot bean
antenna. A multiple spot bean antenna has a sig-
nificant ettoct in making the use of available
froquency bamds and satellite resomces note
efficlutly. I we consider o synto whone an-
tenna is arranguad to form N non-overlapping spot
bcam::,, cach scrving a soparate zone.  Pach bean

This work was partially supportad by ARG under
grant AFOGR 81-0169

T. N. Saadawi D.

—

L. Schilluag

The Caty Colleve of
Blevtrical trenn.
tew York, N.Y.

New York
vty Lept,
10031

augrises an uplink ared g dosnlink at ditforent
catrier froquencies, with cereections rade between
up and dasnlinks through o swaitch mstrix in the
satellite, shown conceptuwally an For 107 The
CALCR M TIX 1T CTOUINeCLS Tevever s oand trans-
matters acceerding to a pre-preseribaed alagoratlo,
For samplicity, coeplete trathic symeetey 18 assume
wde

cach 2o contunns the s tusdaer of stations

L, whach as shoaa by ooy 221,000, S and =1,
..... o bavh station Lranconts packets Lo the

euw mnder f stats ns NG oand all
poRet 1ates are ojual.

interstation
Ther arrival process is
Porsson amd all penoages connist of a single pac-
ket AlL butter capacities are infinite.

In [GADR 8G], the authors aqoegpase difterent
protocols for accessing o ealti=beam satellite.
Forexarple, an the Fixed Acorgent TTEA: the
Prame stinetute 1s oheoem in Fig. &, owch earth
station ditects ats traftie to the Jdesarad des-
timation cone by trarentting into the preassigned
st during shich the swateh as tor that desta-
nation, inoan cn-toand
swrtch oty bodloss o preariannd
sibly poditad ot antreguent antervals by control
sruals trom the greund. Also slottad ALOHA/TIH
sy-stoms o with roltiple uplinks Bave becon ainvestiga-
toud tor breadeasting satellites in [SUDA 807,
[LAVE 79) and [DEROY 78],

nert
The Switchining Sovin e

ebasdide, juoge

In section 2, we Jencr phethe tandom T8, and
then analyze 1t an soevtion 300 In section 4 we dis-
cunso the anploesentation of the schame an multi-spot
Eevun catellites,

S0 The Random TIRA Trotocol

Here, we wilD dencude the Rudonm 1160 proto-
ol tor a global beam covering the entire area to
Lo sorviced.

Wer e consndcnins Modentacal
et are davaided anto Nogqronge,
st of Lowers (e, MNLEL
intinite bualter . Mesaogen
follow the statainties of
tate A Fach nessange an sl to aonsgst ot a
single packet . Channel tire s slottal and all
trers e synchronisad to the channel tie. The
slot Tenath s ogual ta the dutatwen ol one pac-
hets Channel slots are areapad an troaees cach ot
whi h oconsists of Noconnecutive slots,

Thee M
Fowh aroup con-

et G

ot vivaet s b an
artavals at ooy v
GoPonnon proeer cowath

Fach gronp as ceeaagnad o bised tavorad slot an
the trame, as an the coane ot didicatad slots ot
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ordinary 18, and e two gqroups have the same
favored slot. pach user (or carth station)
within a group has tite same favored slot.

When a user has a packet ready tor trans-
mission (i.t., the mment a packet arrives at the
Head-of-the-Line (1HOL) position in the bufter), he
looks at the next N slots and schidules tranussion
in the favoraed slot of his group with probabality
a and 1n any other particular slot witnin the next
N slots with probability b Thus;

a+b (N-1) =1 (1

let us explain this process using a oulette,
which has the nwders 1 to N One of these muaiders
appears with probability a, the others apjear with
probability b, During busy jeriod when there are
scoe packets in the buffer, as seen as a packet at
HOL is transmitted, the roulette i1s turned and hence
the HOL packet transmission 1s schodulald according
to the result of the roulette. During idle jeriods
when there ts no packets in the batfer, as son as
a packet arrives at the bufter, the roulette sche-
dules the packet transmission, Fig. 3.

If a jacket encounters a collision, which is
acknawlodged after a round-trip time delay, a1t
joins the bufter at the ind-of-the-lane (10L) (osi-
tion in the sawe way as a packet nawly generated,
The queuaeing model with fealbaek is shown in Fig.4,
The message arrival rate including collided pac-
kets is denoted by XG'

3. Analysis

et Dy be the expected packet delay due to
the user's buffer.  The expected packet delay in
the systam is then given by

D=2P +D; +E (D, +2P) (2)
where

E = the average mmber of retransmissions

2P = round-trip delay.
3.1 The Average Packet Waiting Time

To find the value of D, we use an approach
similar to the one used by L.Am {raM 77] in his
analysis of 1A, We consider twa kinds of ser-
vice time distribution function B(x) and B(x} in
a single-server queue with Poisson arrivals at
A~ packets per second B(x) s the distribution of
a’packet which initiates a busy period with first
and sccond macnts b and b,.  All subsuaquont pac-
kets 1n the same busy ;cri(x% have service tiunes
drawn independently fram the distribution B(x)
with first and sccond manents b, and b,. [+t N
bx» the muber of packets in the systam” (both in
queue and in scrvice) at time t.  We now define
the transforms:

Plz) = ¥ Z%P_ ¢ P =lin Probin =n] (3)
n=0 n n L o™ t

4 .

Bilo) =/e dB (x) 4)
[s] .

~4 o .

Bis) =, & ™48 (x) (5)
o

onoan a proof similar to lam's proof, [)l 15
nven by
3 - Vb
. hl . G“)P 11‘}) AAAAAAA . by ©
Ty 1 - - L - 2010 b
11 l(;(h1 bl, 211 l(._(bl bl” (1 (,‘bl)
After same manipulation shown in Appcdlix A we
obtan " \
Y e A - L
U. (s)=(a-b) e "1*12.11;0 (N—Z)bzl Y enN st {7)
1=1
. 2 v —s(yoT) '
B ys)=(a-)" ] e nodr(y) +
0
e AT
1 ST G
N - & sT - -~ -
a X N N
a2l re N e e N U@
1=1 ) .S LT
G N
1-e N
S
. e YV ¢ [:_-W -1} LT
Fly): —— == ¢ U(Y"HN)
-c
- Ty
= {l-¢ SRR AR EPA (9)
= 1 ¥y T
where
IS
U (x) = 1 X2
{ (10)
0 x 0

Fram egs. (6), (7), (8} we can casaly blaim t_hc

first and second maments of packet service tisuvs,
5. b

b], bZ' bl );?

3.2 The Averaoe :H_vi:r_«ig Fetrapmassions U

The averate moder ol retraniiiassions roequlrs
o per packet coneraced s related wder oquile
Beiw conditions to &, the systan throughput and
G, the channel traffic:

1+ E=2 (1)

where, s =V T and G = VT, Here a,, the prob-
ability that a packet 1d tramaattad ina favored
slot and b, the protability that a packet s
tmmumtlw& 1 a non-tavorad slot, are given ty

a, - al T and b= By T Detang U to tar the
probam Yty vl a padket 16 tranamUted success-
fully and P, te be the probabilaty that a packst
ol des wilh o cther packet s, and asswnitey ns
dopendence, avieroge miders of tetranndssion
dattongts 1s given by

at 1 "'. l!’
E=1 P _Po= 0 s (12)
=0 S0 H-RY)
whetre
P = Prob[A succesuful tranwassion an a favorad
5]

slot]

+ Drob|A successtul transmission n nop-favor-
ol slots)

= ¢ LI 13
TPt b Py (3
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= pProb feollisions an a tavorad slot)
Srob [eollisions i nen=tavorad slots)

~3
+

M-1 M-1
=a ! l‘ll + (N-1) b :_7 1‘2l (14
11 1-1

P“ = rob (1 packets an (L-1) taverad and (-1
non-tavorad packets are tranauattal sumil-
tancously).

1 .
= F . (IR A O |
)0 -1ty ) M-y
=) 0 (MoLmi)
bl (1 bl)
1, = wun (1, L-1 (1)

P = Probjy pachets an Lotavorad and 4-0-1)

2 nen~tavoraed packets are trangnittad sinul-
tancously)
- L-1-3 i=3
= s - Y- - . NP
PGy aimap m-1-151- 301
)0
(b, )M~L-l-u)

i, = nan {1,L)

c,o= 0 (o)

4. Multi-Bewn Satellite

tHere, we censtder the anploentation ot ran-
dm TOHAR l"u.t\—‘}ul tean satellite. Ihe systam
madel 1s the same as an Fig. L.

Pach uaer das Ntutters cach of which oores-
ponds to the ditterent destication. Lach Tatter
choys the abvve ment oo rand e aece s schene,
The main procedare poecnliar to the mgitilean sys-
tum 1n the awsigiuent ot the tav n\‘p ot The
favorad slot s anshgasl it the 0 st an a
frame for the packetswinch e lmx.:..m(\ui tiain
uplink A to diwnlink ,‘\1, where

h={n)-l 1&‘,::"01

1+3-1-N Tt Ned (1)

Whent apacket s acknowlodiad o enceaaiten
a collision after a certain Jdelay, 1t as retrans-
mittend at the BOL 30 the user's butter as des-
cribad an Soc, 20 nly nenscellihisd packets aie
acceptod anto the processang satellite with butfer
ing capability and trancastted to the gppaopriate
downlink on the basis of 1.

In this case the expected packet delay as
given by

[

DM A0+ n] + D) + B (h]o..l) (18)

where D) = the expectind poacket detay at the
satellitor The difterence o Ly (8 s the
teon D) due to the queting detay an the satellate.
The exfectod st of packets 1na satellite
buffer for a specafic destination s given by,
{sca Nptendhix B) .

LD b {.‘,o(N»lw, ORI EION
L T N ¢ T ‘&}
[T-a = M-, 2 B ey

Lot AT, B s b (e
Seoapbhication ot Little’s torenla gives the ox-
Peotad packet delay I\‘ CoNLME

Lo [ I TN
Pimre 5 ehoss the analytical and siailat on
¢ » ' ~
slus for the averuge packet Quetesiny delay an
(o carth station versas V) ey chuarael traffic

; .
pote.s feth reeaits cornende o with cach other, It
10oalso potead that the ettesst Gt 1 wnalloat
Paect pates ant Guite ange at haghier clasuiel
trattie rates doe to andreassst collisaons.

Prgure ¢ oshows the analytical and strulataon
poalts tor the total average pachet delay D oas
Givenoam g (3), versus throoghpat. fate that
tr hidaer i: (1.0, Close to TIrA) we obtain tetter
prrtommance.

’

The results can be arjrovad at lower through-
by omaRkang uee of the toct trat the sdlo je-
(whens Do parkets are an the uner 's hutter),
are doennant at Lower thaouchiut amd Pusy poersods
At dheanant gt Logher throushput . e roditiad
ranc b TA s deoonated as tollows; T T

Dataneg tdle poerpads, the arnaved pochots are
Acbaned to be tranantted telore the cnld ot e
Srw, whinch has the taverod siot 3t the last slot.
vy, when g pachet arraves at g g st an
trove conast e of neslots, ot 1s trareatit ted
be tunen (1 H W rv“ whete the Jovation ot the
ton et slor s the oth G v vl prot
Al aty s The caruiation reoalts ber o average
preoot quesenaney delay are shownoan g S It

.

B

A roveren e Gt Joser ot ut asiatat o
TN sl reedd e WAL T atine boshiss the samla-
Coon tenadts for the delay toonabpat Quitacter 1s-
tios, whineh alne dhams Uhe aldvantage of the madi-
tocbrand a WAt Lseer thaoughjut.

Do ieadX A

L
In this oppenhix we denve Lps, (7)) to ().

| S .hl Wy el e relation betwoeen two

O centive panche U otatesesons. Lot o (1 LK)

At () oot the siot aldiencens of

the o conmaecut ive ponteets s When we o YA tav-

Crosiontot alltecowath s, en-tavered siot addres-
conowath B2 teoaln, we obtarn the prebabilaty
Greb (1,5] (o
$ob L1 b o agl, =l Al
T R T2

rarang basy jeniads, the probabality that the
Sorvice tune s KT N 18 given by

Predh e, ) wilrrky), o aikUN LAY
[

Wit e

X i U- XN (A3)

w o (x) = l‘xm’ ;o oxuy
XN poNeX

Therotore, wo oltan
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e

——— e - ;e

w o VN b
idx¥— = r Y prob {4, )ew (iek) ]S ix- T 3 (Ad)
18]
k=1 =1
whete
§ (x) 1s a § -twction.

Bations (4), (A1) and (Ad) qive (b).

Bow we provead to deal with the cane that are
1dle pertad 1s included betwon G consesutive
packel trangmssions,  In o this cane, 1oand y ore-
present the slot adlresses tor the Tant transiaay-
sron of the precading busy period sl the tirst
transguission of the idie jertall e we an-
traduce a varial y, which is detined to e the
poriad between the farst atoaval amd the corres-
ponding location 1n the cutrent frace of the Jast
departure, as shown an Flg. 4. Since the variable
has the same meaning as that detfinad i (LR 781,
the dastribution tunctaion s given by By, (9) .
Here, when y is In the region

n-1 h

Ts y< T i1 shew

the profubility that the service time 1s y + :;I
is given by
N
! Prob {1,] = w (1tk-1}}
i=1

5 ls hek-1s N

Therefore we obtain

N+¢l-h N T
dilx .y, I probii, ywiivk-1)] 55.11,“..')1
k=2-h 1=1 i y.:x_;-‘x
. *
hek

K= ,
kol e K (s

Equations (5), {(Al) and (AS) give eqn. {7)

Myendix B

In tlhas appendix wo derive by (22) . Here we
think about a concentrator with N teminals,  dhe
concentrator output tranmussion lane rate 1s one
data umit por A see. Bach tormnal is synchironi-
zod to this ovutput rate. One of these tennals
feads 1n either cne data wirt with prohabilaty
a = every a sec, the others svith proebabality by
every A soec. In thas cace the probabality that k
packets arrive an the concentrator sinujtancously
is yiven by

N-1 [
- (l—dz)(l-h?)
vik) = 1- 3 N-1-k
{ 321y 1C¢b,  ti-by) +
. k-1 N-k
3 n-1Ck-1Py  H17Dby) le kN
L 4 N-1 L
121)2 ; kKON

(nl)

The 2=t tonn ot . (Bl1) as
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input is a4 phase mask. The transilfummated mask is
i turn maged using two sphierical Tenses to plane 75
In plane £ the magnitude of the energy distribation s
recorded. Figure 4 shows the energy distrihution ot a
signal with tive ditferent spatial frequencies,

There are aonumber ot coherent optical Giltering op-
erations that can be perforied on the T Dsignal. For
exatnple, using the same arrangement as i P Howith
the exception of placing avertical bt on the two mashs
w the input plane, anciher tvpe of tlterg operaion
can be realived
tering operation on bao and tive spatial frequencies,
with and without de filtening o the WH plane. The
results depiet the magnitade of the moditied WD The
moditication i~ the additional Fresnel tltering due o
the evlindrical fens. Note the much reduced ettect of
the stdelobes,

Figure 6 depicts the coherent optical implementation
of the SET. There are a number of window tunctions
discussed inthe literature, ™ Invour experiment we used
auniform gate, approximated by a 409 slit as the win-
dow tunction. The running tilter can also be placed in
the Fouriter plane to attect the SF'T Placing the run-
ning tlter in the Fourier optical plane of the 1D sl
mav he advantageons i we wish to eealize o real tine
acoustooptic CAO mplementation of the SET. Sinee
there are phyvsical mntations on the size of the active
arca that the present AO teansducers will support, the
40° slit will degrade the performance ot the SET
Placing the slitin the Fourer plane removes some of the
Barden on the AQ modulator. The magnitude square
ol the SFT s the spectrogram. - By placing a square law
deviee i the SFT plane, such as photographic tilm or
a gatuna corrected video camera, the spectrogram of
the 1D stznal s generated. Figure Tt shows the
spectregram of o double sided frequeney rmp,. The
spectrovram with an mmpuisive running Hlter funetion
has been termed as the local spectrat o the 1D signal.
It is possible to generate space delay and spatial tre-
quency Jelay spectrograms by magnitude squaring the
2.D Fourter transtorm of the SF'T Ficure Tehd shows
the delay spectrogram of the double sided frequency
ramp.  For an impulsive running lilter tunction this
spectra may be termed as the local Dappler spectra.
The local Doppler speetra does not have the many
sidelobes characteristic of the global Doppler spectram.
Figure 8 shows the local frequencey and the local Doppler
frequency spectra of tive ditferent spatial frequeney
quasi-periodie signals. Note the excellent trequencey
resolution of both local spectra.

Figure O shows the results of this tl-

V. Summary and Conclusions

A new signal representation has been introduced that
allows the simultaneous space and spatial frequency
filtering of 1.D signals. The new representation, de-
pending on the particular filter function, can represent
the WD, the AF, various filtered WD and quasi- WD
Tunctions as well as ditterent spectral representations
stich as the spectrogram, the local spectra,and the local
Doppler spectra. Using the 2D nature of optical sighal
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processors Al the above GSEF can be (“\[ll‘l_\'l'(l as well
as manipubated. Expernmentad tesults, usimg cobierent
space teerating optical processors, hinve been pire-
sented. Other [vpes ut’ H[lllt.l} processor citn NISTRITE
moditied to (h\[)‘n\y the GSEL These Prrocessars will tined
applications where the real-toe display of thine-tre-
quency thfortation is o intecest

This work was sapported inpart under agrant from
the Nir Foree Ohtiee of Saientitie Rescarch AFOSR
STotetaand ccontract trom the Rome Air 1)('\\'1«%‘11\('“[
Center Frss so Connd,

References
oL Catrene BN Peth O 0 Padernmo, and Lo Parectlo, TRE
ot D Treoan FE-6, 0w

T Cutrena “Hecent Developroents i Coherent Optical Tech

nology Tty sl and Foooea o ptoal sy e Bro ey,
O Dippett erad ) Fds oMU Prees, Cambnidyge, Toeiy, pp.
SO0

B0 F Thomas Appl Opt 5, 1780 vl

WP Bneedesand M Plorennoe,
[ S S R ST

Appl Opt 16, 307801 aTé)
Kevinan, ant W Hansen, Appl Opt 16,
R

6o RSN e T Wk, MO L er and TUF Knlde, Appl

(R IE  E A P
T Casasentand by Peadtos Proc TFEE 65, 77000
SODW eedman, T eear Space Vanans Optacal Proocessimg,™ i

Clovnoas bara brac s Pa el oS Lee, Kd oaspaaiger,
Beorbo, fosan

S0 F W R Ope P 10, S nivse

lo 1AV K sodand b o
TR

1D A~ 10 F Walhapoand TUF Knde, Appl Opt 16, 746,
T e

2 BOECA Salch, Appl Opt 17, 5oslwls

P B Wioner, 'l Rey 1007

T MU Bastans b Ope Soe A 69, 1710w T

o H O Baao SOH Brenoer,and AW Lobhnam, Opt. Cemmun

A2 st

Cooper, Proc Dist Fleetr Fag 120,423

RN R

o L Colens b Math, Phvs Canbradee, Mass 7, 7=1 (v

TN W Rihacsek, Mmooy er Hogn Resodadien
M eGran Tl Now York, Tuamn

18 N G DeBrongn, Njcuwe Arch Wiskande 2030, 2os0ia7

P00 AW Ribacoeh 1EE Trans ot Theory T2, Sunchans)

200 NG deBru, " Uncertaty Primaples i Fourer Anals<is," i
Ircquadiiies, OO Shasha, Fall eAcadenue, New York, 19671, pp
R

210 B AMlenand LR Rabener, Proc JEFE 63, 1505 01977)

22 1TOM Parpin. Proc IFEER 69, Tavtusgy

RATE LS

Radar

Kellman, Proc. Soc
(LaT

20T RO Bader, "Coherent Hobnd Optical Processors,” Proe. Soc,
Photo Opt Tistram Fogs 232, 1100 jasa

Photo Upt Instrum. Fog 185, 130

250,71 Colee, B Rebhel, PONC Tamura, and - Lindgusst, Appl Opt
19, sui (1aso)
260 D Casasent and BV K Vigava Kumar, Appl Opt 18, 1673

[REL]

27 P N Famura. d J Rebholz, and 'FOC Lee, Opt Lett 5, 401
[REARE

280 D Cohen, Prac Soc Phote Opt Instruam. B 180, 220
(SR

290 MO Bastiaans, Appl Opt 19, 192 (1a80)

A0 FOT Harns, Proc TEERF 66,51 11978)




—e

Patralogn U8 Accens Protoool with

M. hoawal T. N. Saadaw D.ogL.

R R
A N

Fodat P¥nd-tesn Ji8-03

x\l}]

ABSTEATT

In this wyer, woe walyer a randos A access
protocol tor satellite channels, The wa R
based on obtarning the 1 ile and sy
tribution.  The averaie jacsel e
the user's buffor s cbtaniesd. A tod b ied taiasom
T 15 surpestad Lo g reve the porivaranee., [
plorentation of the scbeve 10 ety =gt tai cate-
1lites as presented and the delay oo Loard the
satellite 1s obtained.

L 1N

15 0s

08 SPURCR B S EOES

Ly an

In packet switched satellite cavanications
systoms, various multiaccess schures have laen
proposad in order to accauglish flexible connecti-
vity and efficient shate of satellite ¢hornels.
These channel utilization protuosls may te jart -
tionad into three maan categornies. The tirst gs
the conventicnal protocads, such as froguendy
division nultiplexing acoress B, and tine diva-
sion rultiple access, TEA. these are ettective
for heavy tratfic, but with a bursty notare, such
a fixed allocation of cluvinel cajacity 18 extione-
ly wasteful. ror such a situaticn, randam access
scheme's, like the AICHA protocol, the Um cchene,
and the Collision Resolution Alcorithns (Tree Al-
gorithm), are intraducad. he third category s
the dynunic assigraent protocols.  ‘These include
the polling and reservation schenes,

In thas paper we analyze a raidom TUA mul-
tiple access protocel.  The analysis 1s basaed on
cbtaining the busy amd idle periad distribations
similar to the approach used an (1AM 78] 1n the
analysis of TIMA. Tt nuxdified random TIHA 1s
then projosad as an wproverent to the random
AL Other randemizad TUMA protaonls can L
found, for exasple in [FLED 78] and [EFLR 80).
Inplenentation of the scheme for multi-spot beam
satellites 13 considered.

A primuy concern an satelilite coammnications
13 to cuver a wide area with a highi-gain spot bean
antenna. A nultaple spot beam antonnag has a sag-
nificant etl{ict 1n muking the use of available
froquency bvuxds and satellite resoaces nore
efficiently. [ wo conapdr o sy ntam whose an-
tenna 1s arrangod to form N onon-owerlappang spot
b(:iun:‘;, ecach sorving a scparate zone.  Each boan

This work was partially supported by ARVGR under
grant AFUGR B1-0169
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Gorgrises an G sk and a dea ok o at astrerent
NULLer frenfaenesie, Wil Vi ot Iens T e e ctwen
Ddoanianks thy vl g switch natoix?in the
catellite, showny aonoeptually an Fra. 17 dhe
SOOI Tt TIX RO COId YU Do s el QLS.
satters aceoarding teoa pre-presoribed algoritizsn
Porosimplicity, g lete tral e syrietny as anoae

vt cach v Gontaans thee

Gia

un i oot stations
L, which as shosn by ary: 1=1, 0000000 aid =1,
..... o Bach ctataen Lranid tts pacncets to te
e ideer of staty o nps NOoand all intorstation
ket rates are opoals The arnival process as
CASsON arad all me

t
i
kooto,

Anjes ovnsict of aosingle pac-
All bultor cojacities are intinite,

In [GADR BO), the authioas
Protocols for accorsin g a el

Poroexarple, g the Disold

pare Jifferen
reateilite,
Lidhvent
f1ne stiueture 15 shoaws o bia. 2, Vavh earth
Stotion direstts 30n traftsc to the desst G
tition sone by tramsut i s the ieass:
clot durineg which the switeh 16 et tor

that dosta-
L-teard
switch motrix todloss o prearzangoed sl sbale, pos-
oat by rodifod ot antroraent antervals byocontcl
simals from the greund. Also slotted ALGIAITH
torwowith ol Te uplinks bave been anvestiua-
for broadcast ey satellites 1n {SUDA 80},

[EAVE 79] and {Lidw) 78],

Ration. The Seitchinng Soegintae 1nan

in section 2.0 we doser 3 ethe ra

Lo i, anad
then analyze 1t 0 coctica 3.0 oo section 4 we diss
cuns the applosntation of the schome in melti-spot
Leain satellites.

2. e

undoa TTMA Frotoeol

Here, we will deseribe the oo 510N proto-
ol tor a glolal beam covering the entire arca to

Loy corvieed.

Wooare constderins Mondlentacal veers, o The M
eers o are dividod ante Hoaroaga,
ot ot Lusers (e, NI L ek Geer bas an
indrnte hut ler, M Agenoarpavaln o at ool h e
fodlow the statainties of a o
tate b 5

Pach v ovas

iwch YT [ TR SR
sinale packet . Channel tinee
woers dre sybchroniead to the
ot
Kot Channel shots are grevpad an Thaes cach ot
winch consists of consecut ive slots,

chuomnel i

Tength as ormal to the duratien o one e

Lach gronp 16 ansianed o fexed tavorod shot an
the frame, as in the coase of dodieated slots of
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vrthiiary GUe0, sl a0 twe aronpi bae e e e
favored sl Fach wser (o cartn ot ian)
within a group has toe same favorod siot.
Whon a wser Las a packe! ready for transs
dgston {(1.t., the mranl a pucket Arriver, At the
Bead-of-the-! tne GROL) josition gn thae Pufbery, )}
IR ERETEN F PR EETRES P PPN [ RS TR
e ther Lo gl ot o by oo

Powaitn i ot
a and an oany cther jarticular slot withan the
N slots with jrohaanlity b

Thasg
a+b (N-1) =1 o

et us exglain this process weing a teulette,

whach has ¢ TRONL e o6 i ratets
Apvais vt aadasi Nty Ay e L, Spav o owY,
(}.j‘\g"ll.) ,u.,”,;v”.,..}‘,,‘,;‘ TN

!.“.‘"l(v[,Iu{:,l A P
OL 16 truevattad, the toalette 16t
the BuL puacket tranmassion 1s sotiatidond aoo roddiey
to the tesuit of the roulette. i adle jers oais
when there 1u 10 packets pn the irfer, guowoanoas
A packet arvives at the butter, e toulette coho-
dules the packet transmssion, Fii.o 3,

IE a jacket enocunters a orlitsnm, winch s
acknawledipad atter a rowad-trop tine Bolay, it
Joins the butter at the izxi-of-t
t1on 10 the S Wiy as o a jacket sewly qeneratsoed,
The queticany okl with teciack 15 alewt 10 1.4,
The message arvival rate including coliydead frac-
kets 15 denoted by )

R N S

G
3. Aalysis

Let Dy e the expoctad jachet delay don o
e user’s Laffor, e expected jacket delay in
the systan 1s then given Ly

D=2P+ D, +E (D, + 21 {2}

where

n

T = e average niomler of retransussions
2P = round-trip delay.

3.1 dhe Average Packet Warting Time

To tind the value of D, we use an ajproach
sunilar to the one usead by Ldn {12 77) in Lis
analysis of MR, We conspicr twe Kinds of ser-
vice tire distribution function B(x) and B(x) in
A osile-server o with Poisson atnivals at
Ypomerets por sevond Bix) as the dl:;tnbm;i(:m of
a packet which 1nitiates a busy poriad with first

arx]l second munonts b! ard b, ALl subuojuent pac-
acts 1r Lhe sl LuDvopersol hanee seorvior e
P y s .
¢ - t . // L
ath fre TENTY ‘ :

! ; !
we bhies pogndeer of pos bero s the ayptond {het b an
aquete aned 1n seavice) at tine o Ve now detine
$him bpaeofr v

, -ux
B (s) =/ e B {x) (4}

TP NN

Jorara proof simalar (o Lae's prad, D) oas
given by !
H P
D= 1 ’ e
R ! 200=0 0 e

'
Hiter

GO NIl ation slaaa An Fogindixn A owe

NERTIA
. - LN Lop
Boish=ta~u) e "elape i-2)0°) v o0 (7
e

= ll“i.‘_«(:-_ o H} 0wy T {9)

whet o
U (X} =. 1 A s )
{ (10)
G X

Froan s, (0), (7)), %) we ca cantly Llawm the
ftiret anad sec ol mueents of jacket service tinwes,
1"
¥

b, by, b
3.2 he deeeraenr Dovier o ketrans

1

The averae tisuer o
ez 1 related andor epun -
stom throuadijut and

IR FTHEVR RS SRR AN 0 8

o P At oo
boawy condition:n to 85, the

G, the channel trafte:

G
= (i1)
1+E=¢

where, s =V T sl 6 = VT, Here oy, the prob-
atnlity that a packet 18 tranmmttdd an a favored
slot and by the jactability that a packet 1s
et it T R N T S R S

’ ‘L “' .;'
fully oot B b bes vt . - i
el Doy w\{h ot othe o packets, and aniesangan

Lo T
R

ety

Hpe g oo e o enbers Sl petrannraenien
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¢ a4t Ll '
-y 1
where

P o= PiohjA successiul transrassion an a favorad
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Poo= brob foollim e i fanmenesd et
4+ onch [collistens an e n=favorad siotn!
M-1 M-1
=a ! b o=l b P, (4}
11 i 1]
= Proh [ pacnets an (Leby tavaed el )
eon-tvtrod packets are tranaatted sial-
tanievasiy ).

1, = oaan (1, Led) (15}

Prodn jacacts on Lo bavend and -1
oo tavored packets are trandaatted sinol-
tacevusly]

i-2

. . L=-1-) . 1-3
y S ey ML
“_b"bH,-l-u)

15, =ran {1,1)
' (i)

4. Multa-kx

vateilite

Peore, we oo e e g Lot ntatie s oo
doen TONAL puiti-npot bearm satellite.
model 1s the saee asoan Py L

ey R
100 Lynlan

Pach ueer bars Stutiers ol of wiach o tress
ponds to e diltberent o
Cloys the ae v nent Lo
Thaes manan proced
tem 1 thie o

Yopen

R

favoredd slot 55 anstuaiest ante the BT sl

froume for thae pacnets which are tranesattad fioa
uplink A to downlank A, whore

h‘—'{ﬂ)-l 13;-_:101

1+]-1-N 1ty el (1)

Whe noa packet 15 ackiewlobinad to enoouiter
a collisien after a cortain delay, 1t 15 retrans~
mittesd at the BUL an the user's butter as des-
critexd an Sev. 200 Only nen-colbibsd pacsets aie
accep tad 1nto the processang suellnte with balfer
g cajability and tranmuttoed to the ggjropnate
downlink on the basis of M.

In this case the expected packet delay is
given by

DM = 2P + l)] + D)_
where D) = the expectod packet delay ol the
satellite.  The difference (o B (O s the
tetm D due to the quening delay an the eatellste.
The exected st of packets 1n a satellite
buffer for a specific destination 1s given by,
(seo Nppendix B) .

+ E (Dlﬁ;‘i‘) (18)

520 (-1} lx‘,

, 2 .
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In this arpenadix we donave B (7)) to (9) .
Forotoot all we ovnender the pelation tetweln two
Cotrtaredniossons. et o1 (i)
act o (s rejresent the sict allicsaes of
the Lo consiecutve packet s, Rhen we ase a favs
ol slot abitess with #l, nen-favirad slot addres-
woowith B2 oo, we cbtaan the proebabilaty

e eCatve e

vrob [1,)) = rat 1 ]
abv o, 1 1, gl oor 1l )=l (Al
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During by jeriads, the proebabality that the
sorvice tuwe 1s RT/N 1§ given by
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dixl VopPiob (1, )W (k) e - T ) EAd)
dx T
k=l i-1
whete

—function.

(Al) (Ad)

S (x) s a &
1,

Bow owe provead to deal with the cane that o are
idle jeriod s ancludad betwon tee connesutave
pochet traemaesicio. o thas cane, 1 ando
present the sict addresaes tor the Tant traedag-
Sron of thes provehing buey poeread and the tirst
tramaassivn of the vlle et Hre v an-
traaduce o varial oy, which 1 detined to e the
fotteed betwrnn the farat noaval and o corress
potadiner Tocataon i the current s ot the dant

Bputions arnl qive (o).

Lo-
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Equations (9), (AL) and (A0)

Mpennhix p

Here we
nre
15 One

In thas appendix wo dorive g, (20
think et a cunoertrator with B temunad s,
coreentrator output trantaansion it rate
dita unt per ©osec. Dach tenminal s syncheeni-
zod to thas output 1ate,  one ot these tomnnals
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A RESERVATIONS SCHEME OF MULTIPLE ACCESS
FOR LOCAl. NETWORKS

A. Ephremides

Flectrical Enginering Dept.
University of Maryland
College Park, MD 20742

T. N. Saadawi

Electrical Engineering Dept.
CCNY

New York, NY

Abstract
A reservations scheme for multiple access suited for local

networks of broadcast channels is considered and analyzed. The

analysis is based on two imbedded Markov chain models, one for

the individual user and one for the entire set of users. The
average queue size as well as the average delay time are

obtained. The proposed schemc adapts automatically to varying

traffic conditions.

49)




1, Introduction

The problem of efficient transmission of voice and
computer data through shared channels remains a challenging
and, 1in many ways, open problem in the communications arca.

In particular the problem of ovptiumum or "good" design of
multiple access protocols for radio channels continues to
receive wide attention. There is a special need for protocols

that can be analyzed so that their performance can be predicted

and evaluated before implementation.

As 1is widely known by now, multiple access protocols may be
partitioned into three main categories. The first is the class
of fixed allocation protocols, like frequency division multiple
access (FDMA) or time division multiple access (ITDMA). These
are known to be effective only for heavy,non-bursty tratffic.
Otherwise they are known to be extremely wasteful of channel
capacity since dedicated allocation of resources is ill-suited
to low duty-cycle users. The second class of protocols consists
of contention-based random access schemes, such as the ALOHA
protocol and its many variants. Their main disadvantages are
known to be an Inherent instability and a low channel
utilization racte. The third bhroad category of protocols
includes dynamic assignment schemes, and, in particular,
schemes based on reservatlions. Few of the proposed reservation
schemes have been analytically studied. Although compreheunsive

reviews of multiple access protocols abound in the literature
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[1-3] we briefly recall some =pecific protocols selectively
to create the context for our study. In [4) a protocol is
described where the channel is divided into two subchannels;
one operated in slotted ALOHA wode for reservation requests,
and the other operated in a dedicated mode for data packets.
Reservation schemes such as this one are particularly
attractive when a significant part of channel traffic consists
of multi-packet messages, became the successful transmission
of a single reservation mini-packet is sufficient to reserve
as many slots as are necessary for the entire message.

In {5] Crowther et al. introduced the Reservation-ALOHA

idea. In this scheme, time 1s slotted and the slots are

grouped together in fixed length frames. Slots are periodically

assigned to users as in TDMA, but unlike TDMA these are
temporary assignments. When any particular slot is idle in
one frame, the slot is opened up for contention transmission
in the following frame. A user who successfully transmits in
such a contention slot will then be granted ownership of the
slot as long as he has packets to transmit. This scheme was
later analyzed by Lam [6].

In [7])] the Rouund Robin reservation scheme was introduced
in which a slotted channel with fixed length frame structure
is assumed. Each user {s permanently assigned one slot per
frame, and unowned slots (which are preseut when the number
of users is smaller than the number of slots per {rame) are

made available as needed to users requesting them. Users are

-
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permitted to transmit in slots owned by terminals which currently
have no packets to transmit; <such inactive terminals can casily
regalin ownership of their slots when neceded (following a ovne
frame delay).

In [8] a reservation scheme is proposed in which channel
time is divided again into frames, cach of which consists of
reservation time slots, preassigned (PA) time slots aud
reservation access (RA) time slots. In the reservation time
slots each user sends a reservation message (consisting of the number of
packets in his buffer minus one). Each user s assigned one
PA slot permanently and a number of RA slots matching the amount
requested in the reservation message.

Wieselthier and Ephremides [2] introduced the Interleaved
Frame Flush-0Out (I1FFO) protocols, in which a long propagation
delay is assumed (satellite channels). Slots are rescrved
by the different users, but, because of the delay, there may
be slots that will go unused unless they are opened to
contention. The performance of the protocols was cvaluated by

computation and simulation.

In this paper, we consider and analyze a simple rescr-
vation scheme esseuntially identical to that proposed by Rothauser
and Wild [16] and studied by Bux {17] and similar to the onvs
proposed by Spaniol {18] and Mark [19]. This protocol has high
adaptivity properties and is eminently suited to low propagation
delay environments, namely, local network applications. The usual
assunptions are made about usur statistics, channel properties,
etc. as will be described in the scquel. Our analysis is new and
is based on a modeling idea introduced fn [9], that consists of

two coupled Markov chains, one that describes the status of the butfer contents

4




Sty -4

53)

of a typical user (the User Maurkov Chain) and vne that describes

the status of all the users of the channel (the System Marruv

Chain). Such an approach premits us to account for the interaction
between the users, quite similarly to the case studied in [9].
In section Il, we describe the channel frame structure and
the user model. In section Ill we describe the system Markov
chain, and in section IV the user Markov chain. Delay is
calculated in section V. Finally, numerical solutions and
simulation results are presented in scction V1. Two Appendices
provide the analysis details.
I1. The Model
In this section, a description of the reservation scheme
is presented. This is done by {irst describing the channel
time frame structure and then the user model.

a) The Frame structure

The frame structure is shown in Fig. (l.a), where the
first slot in the frame is the reservation slot which is
subdivided into M mini-slots, (M is the number of users in the
system}. Each user 1is permanently assigned one mini-slot in
the reservation slot, in which he sends a request whenever
he has a packet ready to transmit, In particular user 1 is
assigned the ith mini-slot in cvery reservation slot. To
equalize delays among the different users this assignment may
be cyclically rotated so that no individual user has a

permanent advantage over the others.

[l
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Mini=slots are very short since they need ovnly dccomnodate
the transmission of a single t(one Indicating the need to
reserve a slot in the next fraune., The length of the waln frame
is a random variable and depends on the number of uscers
requesting transmission at the beginning of the frame. For
example, as depicted in Fig. |, users number 2 and number 4 are
requesting transmission. Since user 1 has nothing to transmit,
user 2 knows he will be the first to transmit after the
reservation slot is over. Also, since user 3 did not request

/,

transmission, user 4 knows he will transmit after user 2, and

then the new frame will start. Thus, the frume length eguals

to three slots. Note that the lrame length cannot be less than

one slot and cannot be more than (M+]l) slots (correspopding to the
case that all M users are requestine transmission}, We assume that
messapges consist of single packets each of which fits exactly in

one slot. Also we assume that the channel is monjtored by all users

without delav or noise. Note also, that a uscr transwmits only oneg

packet pner frame rercardless of the number of packets In his buffer.

b) The User Model

The system consists of M terminals, each of which has an
infipnite size buffer. The arrival process at cach of the M
terminals is assumed to be a Bernoulli process with vate .

The user may be in one of two states, an idle state, i{ his
buffer is empty or an active state, if his butffer is non-empty.

As shown in Fib. 1.b, whenever the user has a packet in

his buffer, he sends a reservation request at the beginning of
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the frame, and at the sawe tive the packet at the head of
line (HOL) 1is moved to the transmitter and waits there until
it is transmitted in its assiyuned slot.

We need the following detinitions:

Let
“i & steady state prubability ot having |
packets in the buffer at the beginning
of a frame.
Hence
"o T probability o1t a4 butfer being capty
= probability of a user bLeing idle.
1 —ﬂo = probability of a uscr being active.

Such a wodel produces a non-standard queueing system ot inter-

acting queues. The service time of a packet in one queue

depends on the status of the other queues. If we let n, represent
k

the contents of the input buffer of the kLﬁ user, then a

complete description of all M users requives the specification

of the joint probability distribution P(nl,nz,...,nM). The

determination of these probabilities is very complex, if not

impossible, and demands the solution of a larpge number of sets

of equations. Fayolle and Lasnogorodski [10] showed the

limitation of this dircct approach. They cousidered the simple

example of two exponential scervvers the service rate of vach of

which depended on the status ot the other server's quveue.,

Using the theory of analytic continuation they reduced the

J .




bt + ¢ = e

determination of the joiut probab
queues to a Riemann-Hilbert prob’
very complex closed form for the
of their analysis to the case of
Leibowitz {11] prescuted an appru
systems. He studied the case of
which the queues are served in oy
that the distribution of the queu
it is the same for all queuves dur
Hashida [12, 13] used Leibow
of multiqueue systems. Also in |

approximation along with an indep

We consider that the main contriburt
model for the analysis of interac
as we mentioned earlier, is basic
chains imbedded at the beginning
that describes the state of the u
chain)and another Markov chain th

users In the system, refered to a
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ility distribution ot the two
cm and were able to obtain a
solution. Furthermore extension

more than two users is not teasible.
ximate method of treatinyg muitiqueue
Woqueues with a single server, in
clic order., He made the assuwmption

e size of one queue 1is invariant if
ing one cycle.

iter's approximation in the analysis
%), the asuthors used Leibowite's
endence assumplion.,

ion of our paper is the proposed mathematical
ting buffered terminals., The model,
ally a combination of two Markov

of edch f{rame; one Markov chain

ser, refered to as the user Markov

at describes the state of all the

5 the system Markov chain.
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The System Markov Chain
The state of the system Ls cescribed by the number ol users
requesting transmission at the bepyinning of the frame. First, we
tollowing definitions: let
j = number of users regunesting transuission at the
beginning of a fravie,
¢, = frame length when [ users request transmission at the
J . .
beginning of tle trawe
= 1 + j
pj S osteady state probability O ousers recguesting
transmission at the hegianiay of the trance
Oj & Probability an idle user penerates at icvast one
packet during a frame of Joeagth (l1+3) slots
S SRR A
o= probability of one pachet ounly o the bhutter at .
the beginning of & trame piven user Is active
.
l—tio
The system Markov chain is illustrated in Fipg. 2.4, while
transition probabilities are obtained in appendix A,
The User Markov Chain
The state of the user is described by the nuwber of packets
the buftfer at the beyinning of the {rawme. Let
n = number of packets fn buffer at the bepinning of
a frame
LI steady state probability of n packets in the buffer

at the beginning of a frame




Let n(z) be the generating funcrion of LN i.e.

o

n
ki ¥4
n

w(z) = I
n=0

In Fig. 2.b, we show the user Markov chain. Note that only

one packet can leave the buffer per frame. We show the derivation

of the transition probabilities in Appendix B.
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Fig. 2.a System Markov Chain

/_,__N\\ Bn+1 (n)

niM+l

Fig. 2.b User Markov Chain



V Delay Analysis

The average total delay per packet, D,

average waiting time in the buffcr, W,

the beginning of the frame during which the
transmission until the packet is transmitted in
We refer to the latter as the service time, S.

Hence,

write W as;

w2
o
where, Q is the average queue size.

Assuming the cyclic

the average service time equals to one plus

assignment discussed earlier

half the average

61)

is the sume of the
plus the average time from

packet 1s scheduled for

its assigned slot.

in section II,

number

of requesting users at the beginning of the frame, i.e.

S=1+—;'-_j—
VI Numerical Solutions
Equations (A-1) through (A-5) provide the values of the quantities
that were needed in order to solve the state transition equations
for the system probabilities Pye However, some of these quantities
are not solely expressed in terms of the parameters M and o, but
also in terms of F, i.e., the prohability of one packet in the buffer

at the beginning of a frame given user is

of n, and w,. But, =

active,

and ™ both depend in turn on {pn}.

which is a function

Thus, 1in

for the numerical

1 0 0
total, we have a set of simultancous coupled non-linear cquations in
Tor Ty and'{pn}. In Fig. 3, we show the flow chart

procedure used to solve these equations.

value for F, then solve (M+1) lincar

We then determine 0 and L and use Eq. (B.1)

We start with
simultancous

and Wegestein's

an initial

in Ap

equations
n

iteration




scheme [14) to obtain the new value of F. 1Two to five iterations
. . . -7
were requlred for convergence to a solution for F within a 10
tolerance in the values of F and {pn}.

For M=4, Fig. 4 shows the probabilities = (the prob. of an

0
enpty buffer), Py (the prob. of zero users requesting transmission)

and Py (the prob. of M users requesting transmission) versus channel

throughput. Notice that as throughput increases both £ and Pg

e

decrease while PM increases. Figs. 5 and 6 show the average waiting,
service, and total times versus throughput for M=4 and 8 respectively.
Throughput is defined as A=Mo. Such a definition presupposes steady-
state stability so that the average input rate is equal to the average
transmission rate. Although detailed stability analysis is not
considered here, it is fairly obvious that since there are no wasted
slots (due to contention or idleness) except for one reservation slot

in each frame and since all users are assumed similar, any value of

M
A less than Wl produces a stable equilibrium.
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‘ I ‘ Start with initial

] i value for I

(M+1)Linecar Eqs. System Markov chain

New F
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g
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5=82(Pj)
D=W+§

Fig. 3, Flow Chart to Determine Average Delays

for the Reservation Scheme
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The reservation scheme has been simulated on the computer. The
simulation program was written in FORTRAN, it was not necessary

to use a language specifically designed for simulation. The numerical
solution for the reservation scheme required the implicit assumption
that some processes are independent when in fact they are not,.

The simulation produced agreement with the numerical results within

5% for the average queue size. Table 1 shows the comparison between
numerical and simulated results for'average waiting, service and

total delays for four users, The maximum difference in the average

waiting time is approximately 6% and in the average service tinme

ig S5%.
Throughput . D W S
10199 A 2.2016 1.1448 1.0568
S 2.1687 1.1414 1.0560 |
.30597 A 2.812 1.5905 1.2215
S 2.7613 1.5419 1.2194
.50995 A 3.%797 . 2.4602 1.5195
S 3.8001 2.3691 1.5194 t
.71393 A 6.8565 4,7208 .2.1357 |
, S 6.7625 4.5175 2.245 1

A: Analytical results
S: Simulated results

Table 1 . Comparison of Numerical and Stimulated
Results for the Average Delays M = 4

Y




VI dConclusion
In this paper, we have Intr o cuced and analysed g reservetion
schemne, in which rescervation pact U5 are brosdoest I TuMy sLioiun

over a fraction of the main chaniel, o oaverage waltlin,, wseIrvicwe

and total times have been obtaine i, Tioe analvwsis 1o bosed o

coumbination of two imbedded Marx. v chalins, Lot partiall sl Cvait
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APPENIIX A

System Markov Chain fer the Reservation Schemc

Let

K = number of active users out of the j requesting users
The distinction between the number of active users and the nuaber of
users requesting transmission is necessitated by the assumption that
if there is only one packet in the buffer, it is automatically moved
to the transmitter box at the begi&ning of the frame and hence the
corresponding user 1is considered idle at the beginniny of that
frame. Thus

M-K = number of idle usecrs at the beginning of a f{rame

Recall that F is defined as;

F = Probability of one packet only in buffer at the
beginning of a frawe given user is active
!

. (A1)
-
U
Let
CK(j) = Prob. [K active users out of j requesting users

at the beginning of a franme)

Jya-m STt (A.2)
K

In order to use the above binowial distribution, it is
assumed that the event that a uscr is active is independent from
the state of the other users. Similar assumption has been stated
and jJustified {n [13] for the ca~c of a single scerver serving N lines
cyclic order.
Let

(;(i}f,j),:‘:,l‘r[i of the M K idle users penerate packets in

@ trame piven that § users are requesting

and Koot these §J are active])

M-k
i

)»;H—ui}""*‘" (A.3)

21

=

__----------.-------—-ﬁ“




Now we can write h(i,Klj). the joint proebability distribution
of { and K conditioned with resject to j, as follows:
h(i,K‘j)éPr[i@ out of M-K idie users generate puackets during a
frame and K out of the j requesting users arve
active given j users are requesting]

H-K
i

yortr-o 1"TETEGD (- By T

i

q(i,K,j)CK(j) . (A.4)
Referring to Fig. (2.a) we can write AJ.(n), the traunsition

probability from state j to state n, as;

wnin(j,n)
N

AJ. (n) L Pr{(n-K) arrivals and K users active given j
K=0
users are requesting]

min(j,n)
L h(n-K,K,j), 1<j<M, O<n<M
K=0

it

(A.5)

M, .n \M-n
Cpo (1-0)

Of course then we have

. e ———




APPENDI - 5

The User Markov Chaln for he Kescervation Scheme

In this Appendix, we determine the transition probabllities
for the user Markov chaln shown in Fig. Z.b. Alsou, expressions
the probability of an empty buffer and G, the buifer size

are obtained. First, we need the tollowing definitions; Let

p(i,3+1)3 Probability that i out of j+1 possible pacrets

arvive during a frame yiven j requesting users at
the begianing of the fraue

j+ i j+l-1
j'l)dlk]_C)J+l i

=
1
jrl i i+1
Hiz,j+1) . & g(i,j+1)zt = (1-s(1-2)1" (B.,1)
j=v
M
H(z)s & Wiz, j+1)p. (B.2)
j=0 ’

Now, referring to Fig. 2.b, we have;

Bn+l(n) = L Prob. [one packet leaves and no pacxkets arrive
3
glven j requesting users at the beginning
of a frame]
bt
= [ g (O0,j+1)p. 1/ Cl-p,.) n = 0,1,... {(B.3)
. J u
j=1
Notice that the initial value of the summation is j = 1, since at the

beginning of the frame we have at least one user requesting transmission.

For the sawme reason, we normalize by dividing by (]—po).

Similarly,

Mn(n) = I Pr. {one packet leaves, and one arrives during a

frame given j users requesting at the beginning

of the frame]




o N

M G S —
M
(2 g(l,j+D)p.1/(1-p,) » /0

. i 0

= le

M-1
[X 8(0,3+)p. 1/ (l-p,,) » n=0

=0 j 9

Note that for n=0, we can have a maximum of (M-1) requesting

hence, we need to normalize by dividing by the probability

at most (M-1) requesting users.

Similarly,

b

Bn-i(n) = § Pr. [one packet leaves, i+] uarrive given
J
requesting users]
M
= (¥ g(i+l Lj+)p.1/1-p,) n o= 2,3,..
L j 0
j=1i
i = 1,min(n~1,M)
and
M-1
= 3 y 1 - = 1S
Bo(n) [? b(n,J+l)pj]/Ll PM) n 1, ...,
j=n-1
Hence,
n-1
T N ] ( . 2enaM
Bn+l(n) n+l+Bn(n) n i=]}n—i(n)”n—i+30(n)wo’ Inz
LI
M
B ~ + +5 i b
n+l(n)rn+l Bn(n)nn i=an-i(n){n—i » n>i
'n =

0 Bl(O)ﬂl+BO(0)n0

I

¥ Bz(l)ﬂ2+Bl(l)nl+BO(l)n0

1

To obtaln w(z), we need to define the following; Lect

M
G(0)AL
250
M
G(1)AZ
%m0

g(O-j+l)pj

g(l,j+1)pj

(B.4)

(B.

(B.

(B.

(B.

(B.

(B.

(B.

users ;
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5)

6)

7a)

7b)

7¢)

8)




fo goom 3

Multiplying Eq.

1(z)

fl
= I o T )

E]

™~

Using Eq. (B.3), we

Bn+l(n)nn+lz

= ot 8

=0

Using Eq. (B.4), we

0ot 8

Bn(n)n 2" =
=0 n

From (B.6) we get;

M n
b Bo(n)noz
n=1

m

0 [u¢(
(1-py)

Finally, we have

min{n-1,M)
%
=2 4i=]

S o8

73)

n ,
(B.7) by 2z aud <umming over n, we get,;

n w . min(n-1,M)
. n,. .

. L (n)rn z 4+ ;
n n

o Bn~.(n)nn_iznu(n—;
n=0 n=0i=1

1

+ I ‘Bo(n)nuunu(n—l) (B.10)
n=0
get
R N T T I R T R T N (B.11)
I-p, BT 2/Pg T ot
get;
1 [G(O)—ﬂ(O,H+1)PM]
‘(——l—:—p—a){b(l>-g(l,l)[)oj[7:(&)—7:UJ+ (l—pM) 770
(B,12)
M j n
5. Logln,j+lyz p.a . /(l-p.)
j=1 n=1 j 0 M
2)=G(0) ~H(z,M+1)py*tg (0, M+1)p, ] ' (B.13)

M @®

B _i(n)ﬂ _izn = X by B (n)n _,zn
n n (=1 n=i+) 0-t n-~i
M M i

L L g(i+l,j+1)Yp .2 [n{z)~n ]

. s s j v

i=1 j=1 -

M j {

b) I g(i+l,j+l)p,z [n(z)~n,]

. , j 0

j=1 i=1




b 2-1[11(2.j+1)Pj~g(] , ]+1)pjz~g(0,j+l)pj][‘,l(z)—‘.lU]

z -
= Titgaj[n(z)-no][H(z)—zG(l)—b(O)] (B.14)

From (B.11) - (B.14) and (B.10) we obtalin

_ X(2)
n(z) = Y(Z)HO (B.15)
where,
l—-p0 . (l—pu)
X(z) = [IjFE__ z—l]H(z)+pO(g(O,l)+zg(l,l)} TTTBSTH(Z'M+1)PM
(B.16)
Y(z) = (l-po)z - H(z) + po(g(o,l) + zg(1,1)) (B.17)
To obtain Ty we take the limit in Eq. (B.15) as z+*1, hence,
Ty = Y(1) (B.18)
X(1)
where
¥ 3Y (2) _ ;
Y(1) = — 'z=1 =1 = py(l-0) (1) (B.19)
. 1 M
X(1) = Tl——:b—M—){(pM- po))l(l)+l—p0+op0(1—pM)—(l—po)pN((M+1)0+l)}
(B.20)
To obtain Q, we ditfferentiate (B.!5) and take the limit as z-1;
Thus
X(1)wy - ¥(1)
Q = ATES) (B.21)
where
- 82X(z) ] .- .
X(1) 3 - !Z=l = -ni-p——){ (I)N—-po)ll(l)+Z(1—])0)H(1)—(l—p0)pM
3z M
[.l.i(l,M+l)+2I{(1,M+1)]} (B.22)
and
Y(1) = H(1) (B.23)
26
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AN AIGORITHM TFOR SCENE MATCHING

By

Tarek N. Saadawi and George Eichmann
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épstract

A fast alyorithm for scene matching is studied and compared
with other alyorithms. The measurce of similarity is the sum of the

&
absolute values of the differences of image intensity between the

template and the scene. Comparison with other reasures of similarity

is presented.
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(1)  Introduction

The need for analyzing the imades of the earth taken by various
sensors on hich and low altitude aircrart is increasing at a rapid pace.
These images have been used for several purposes, includine navicaticonal
quidanee, geographic and topouragnic map matching, natursl resourcs analysiz,
weather predictizn, and cnvironment studies.

A conmon problom that arises in these applications is scene matoning.
Given a pictorial description of a recion of sceno, determine which regisn
in another image is similar. The method used to solve this problem in its
sinplest form is called template matching. An image of template is given,
an. it is desired to determine all locations of the template in ancther

vy vy e
CoTTAnCa

image. If a sufficlent nurber of corresponding
then the image could be accurately registered, facilitating locaticn of
correspending chijects.

Including the basic template matching method, several approaches and
techniques have been used, such as seguential similari
matching with invariant moments, and matching wich odoe Izatures.
edoe, as defined here, is a local chanve or discontinuity in irmace luminance.

Generally, imaso matching can be shown in the f0ll~wins functiconal diagran.

que Matching e

e | Tiracy2 .
EELY Al ovithm ——— 7700~

= Input —

?Rc feronce
Imace

Preprocessing is an important procedure in imace matching.  Its basic
obj.ctive is correcting two degraded images (such as two images from two
diff

and projection. Cenorally, it includes geometrical correction and intensity

rence sensowrs) to get new images to meet CoLcaln rogul. enents of accuracy

]

corroction.  Geometrical correction is a transform to chanage eoach 2ixel of
distorted image from original coordinates (o, v) to acometrically more

corrocted coordinates (u, V). For intensity corroction, a matchin: transiomt-

e e




ation method called Farhonen-loowe transforn was widely used.,

badue information is important for both huaman ana rachine perooption
and a considerable gmount of rescarch has been done in attonpts to wxtract
edae information from pictures.

Tn this paper we study an algorithm for image matchine.  The alyoritho
requires less computation time and achieves a hiah recistration porformance.
In the next section we discuss the algorithm and in Section 111 we analyze
the results. Section IV conpares the performances of the different measures

of similarity for inave registration. The conclusion is given in Section V.
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PEoAn Adcoritho for Scoene Matcohibn:

Sullivan and Martin, in (1), proposcd a course soarch corroelat ion
techniaue for Imaoe registration, the sequential similarity dotection
alaorithm (SSDA) . They used the nonuilized correlation cocfficient ag

the measure of match. The normalized correlation cocfficient is defincg

as
M T 4 Cu “5 - - .
C(i,3) = T ; T K 1 Oli, il oM (1-a)
Mo, - )Mo, =0, ) H?
where y
M !, . 1
o= v wear
p=1 g=1
M M i3
c, = ¢ ¢ S 7(pQ T(p,q)
Poog=
M M 2
o, = ¢ ¢ {5(p,9)} (1-b)
Pl g
M M ;s
c, = ¢ £ st (p,q)
=1 R
M M
2 = ¢ T(p,
T g TR

Where T(p,q) denotes the template with dimension MxM pixels, Sij (p,q) is
MM subimage of the scene located at (i,j) coordinates with dimension
LxI.. Hence the search area would be (L -M+ 1) x (L - M+ 1). The
formula in equation (1) requires a Jarge computation time.

A critical issue is how to choose a thresholding technique for terminating
the calculation of C(i,3j) early. If the thresholds are too high, we may climi-
nate the best registration because of the early behavior of the calculation of
C(i,j). On the other hand, if the thresholds are too low, many poor reaistra-
tions will avoid early termination of eqn. (1). The authors in (1) proposed
an empirically derived function as the threshold sequence dependent on the
subset number b.

-




Hoeve, wo dnvestioot wsing: the sl G the fdoe o ute valie s o0t
Girrernines o hoetween BWe teeies a8 the trosire of sind lan ity T dres
siod e 1ty measirese it (i, ) 1s doelined as

o SIS i
AL, = = S5 T, - TUp,a) (2)
oo g

fhe calculation procodures are sindlar with the S8DA aleoritis.  First
we use a subset of the two data {ields (Sj‘j and 7)) at a Jow resolution o
caleuiate an estimate of Ab(i,j) . For exanple, A (1,3 would b caloulatad
using one-sixtcenth of the data. This A] (1,3) could then be conpared to a
threshold. If it passes the threshold, the nest cstimate A, (1, 7)) at the
next high level resolution is calculated using an additional onc-sixtceenth
of the data. This procedure is continued until all of the data points are
used, givina the best estimate Ab(i,j) or until a threshold is not exceoeded,
which aborts the evaluation process.

The sampling rule of the data set is shown in Fig. 1. The coarse
spacina 1s taken in a pscudo-random manner. Each pass requires that one
additional pixel be chosen from each block. The choice of the sanpling
method 1s inportant and arfoects the matching procedure.  This will bo
studied in the following section.

The threshold sequence is taken as a constant value. It is shown that
the threshold constant is between 30% to 508 of the average value of the

intensity per pixel in the template imace.

{
|
|
|




P thits coction aosimyle coendo Wi g G
Cronew alooritiy g loe nitatlon,
Al The Terg late and the Scone

Conpalter aonerated moee oo Tottora) are wsed In s evar, b,

OTUhvineian noloe

Alve, the notse 1s conerated by the congute

et the soene have the e object vsetcer o, o Uhes dien il forent
Intensity distribution and backoround noise.
The tenglate consists of charactey "F" ot dts dimension ds 10MI16.
4

[ts intensity distribution has boeon gquantized inte 128 Toevels

the intensity has Guassian distribution plus Caussion noise wi DOYC rean

RIS = 43, the backaround (outside "F") has ranaom noisce with intensicy

aquantized levels between 0 and 30.

within " the intensity distribution can be expressed as

- j',‘"- PO S R ./‘.'\
I,Ip(x,y) = 128 xk::l m}.;)[— (‘\~‘\k) R J.e_\qs{— (y—yA.k) ’/"“'};J

. rect P(‘\:—XR)’/““\? ]'. rect [ (_v-yk)/.‘;yk ]

I
L

where "F" is broken into K blacks (K = 3)

rect (X% function is defined as the "slit" function;

] X w2

rect (NUX) =

w’ /

0 N

and the Gaussian noise has the form

i

- — wp (- 7° . . .
Ty = X (-1, x43x43) ]

", " the backaround noise distribution is

thLLST ’

e mr{ 150 % |1+ 2 x [N0) - 0.5

New, we express the tenplate as

(4)

/

Iy = I'l‘pll + 0.5 fng}* Lb




I 1
cre dnoaae (LY v ba Pt
e
Vi :j { / . \ )
e il — (= ! =
e A D A g
ro—-
[ Yo .
bl oot e »
st -
: e
A, L O I T B LI TR 1 R : - =y . .
Wil re L, LM are broken anto 3,4, and 2 Lleone roanaecpiog Joes i M

B 1
into 4 Llocks.
Considering the noise, then

I_=1_(1+0.5~1 + 1

S sc ng) nb

The template and scene imaces are shown in ficures 2a o 2b.  The
total and average intensity of both the temnplate and scene arc oiven in
Table 1. The ratio of average noise intensity to average siunal intensity

1s very high.

B) Similarity Measure

In imace registeration, the inportant criteria is the dearee of
sirdlarity betweon the two inagses.  The neasure ©F similarity should be
able to provide a larue separation between the match point and alil other
test locations. Ditferent values for the measure of similarity are show
in Fig. 3. We notice that the matching points (denoted by +) have lower

distinct Pb(i,j) values from those of the non-matched points.

¢)  The Sampling Rule

The rule to pick up the samwlces can affect the matchine procedures.
In Fia. 4, four different coarse spacinas, rauxionly chosen, have been
considered. Figqures 5.a, 5.b, 5.c show the dependence of the rrasure of
similarity Ab(i,j) for different (i,3)'son the samling oints. The
fiqures damonstrate that block 1 converges faster. In block 1, each

additional pixel is taken as far as possible from the ~riuinal pixel.

D)  Thresholding Sequence

From Fig. 3, we notice the clear distinction between the bost match
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1V Performance conparison of the different criterion function

We have campared the performance of different neasurcs of similarity. ;|
(These results have been shown in Table II. It twns out that the absolute ‘!
difference measure is faster than other measures.)

These measures of similarity are as follows: '

1. Averaue Absolute Difference Measure (ABS):

T e ok

rowx -

' 1 M M 14
§ ABS(1,3) = — oI & ‘ S J(p,q) - T(p,q)’
| M =1 =

2. Absolute Difference Measure (AB):

M M ‘
. Tz ij "
AB(1,3) = 7411‘—4?:, a1 |5 Tp,a) - T<p,q)'

3. Correlation Coefficient Measure (COE):

2 i
M 0,—0,0g ,

COE(4,3) =

2 2 2 2
Mo - o, Mo, -0,

where 0., o_, o,, 0, and o, as given in equation

4. Normalized Correlation Function (NCF):

r I S (p,a)T(p,q)
NCF(i,§) = B2
M M ..
. [slJ (p,q)f
P g=1

5. Direct Correlation Function (DCF):

M M
11 3
MZ p=1 Q=1

DCF(i,j) = s (p,9) T(e,q)




1V Pertormance comparison of the different criterion function

We have compared the performance of ditferent neasures of similarity.
(These results have been shown in Table 11, It turns out that the absolute {
difference measure is faster than other measures.)

These measures of similarity are as follows:

1. Average Absolute Difference Measure (ABS):

e S0 N

! 1 M M 34
ABS(i,j) = = ¢ T t s (p,q) - T(p,q)l :
M p=1 g=1 ;

2. Absolute Difference Measure (AB):

M M
- 1 L ij
mB(i,3) = m‘pzl g=! s (p.q) - T(p,q)’

3. Correlation Coefficient Measure (COE):

2
Mo, - 0,04

CCE(i,]) =

p 2Hm2 o~ 2
M 01— a, VM 0y~ 0g
where Oyr O,¢ Oyr O, and o, as given in equation

4. Normalized Correlation Function (NCF):

M ML
: I s p,QTE
P=1 g=1

M M .

Lot [slJ (,f

i1 g=1

NCF(i,j) =

5. Direct Correlation Function (DCF):

M M
1 5z

DCF(i,j) = Sij (p,a) T(p,q)

M?Z p=1 g=)




The results of the comparison between the five measures of similarity are
shown in Table 1I. It turns out that the ABS measure gives the best match
between the template and the scene. The COE is time consuming. The
thresholding sequence f(b) has been used as in reference (1), where f(b)
is an empirically derived function.

f(b) = (b* - 0.25b - 0.25)/ b(b + 1)

The NCF measure is slightly slower than the COE measure. DCF function is
the worst.




Aot it b i

Y Conclusion

In this paper a fast algorithm for image matching has been studied.
The image similarity measure used is the sum of the absolute intensity
difference between the template and the scene. The thresholding sequence
has been found to be a constant and equals approximately 50% of the
average intensity per pixel.

The performance of the algorithm has been tested by camputer
generated images (English letters) and Gaussian noise.

Carparigon of the algorithm with other measures of similarity proves
that the average absolute intensity difference is faster than others. We
intend to investigate the algorithm performance with real images and at

real time.
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